Cosmologic — Open Category: Mark Scheme

& Solutions

Full derivations with intermediate steps - Final expressions in green - Total: 51 marks

Question 1 The Friedmann Equations and Cosmological Evolution

(I) Derivation of the first Friedmann equation. [4]

Consider a test shell of mass m at physical radius r = ay. The matter interior to
the shell has mass M = %’T pr3. Its total mechanical energy is:
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Set E = —imkc*x? (a constant, identified with spatial curvature) and include the
vacuum-energy contribution py = Ac?/(87G) in the total density, or equivalently
subtract $Ac?mr? from the energy:

1m(dx)2

_ 4AnGpm(ax)? N Ac?m(ax)? 1 N
2 = - .

6 6 imkc X

Dividing through by $myx?a® and using H = a/a:
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Physical meaning of terms: (87Gp/3) — gravitational pull of matter/radiation;
(—kc?/a*) — spatial curvature (k > 0 closed, k < 0 open, k = 0 flat); (Ac?/3) —
cosmological constant / dark energy driving accelerated expansion.
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(II) Density parameter and curvature. [3]

-

Define the critical density as the density required for a flat universe (k = 0, A = 0):

3H? p
e = ——, Q=—.
P (G Pe

Include separate contributions Q,,, Q,, Qa, where Qx = pa/p. = Ac?/(3H?).




Rewrite the Friedmann equation:

) , kc?
H" =H (Qm+QT+QA)——2.
a
Rearranging:
kc? a’H?
?:H2(Qtot_1) — kZT(Qtot_l)-

Thus Qtot =1 k=20 (ﬂat)
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(III) Scale factor solutions in each epoch.

[6]

(a) Radiation-dominated: p < a™*, so H? = HZQ,oa"*. Writing H = a/a:
a A a?
- = A:HON/QT,O- :>ada:Adt:>E:At+C
a a

Imposing a(0) = 0 gives C' = 0.
(b) Matter-dominated: p o< a3, so H? o a™3, giving @ oc a= /2

a?da = Bdt = §a3/2 = Bt.

growth.

(c) A-dominated: p, = const, so H = Hy = y/Ac?/3 = const, giving exponential

(a) |a(t) o< tY/?| (radiation-dominated)

(b) |a(t) o 3| (matter-dominated)

(c) la(t) oc 2t Hy = cy/A/3| (A-dominated)

L

(IV) Comoving Hubble radius and the horizon problem.

[3]

The comoving Hubble radius is dy = ¢/(aH) = ¢/a.

d ca

—dy = ——.
dt ? a2




This is negative iff ¢ > 0, i.e., the expansion is accelerating. During de Sitter
inflation a o< e’ (constant H):

c
P = ¢/H = const but do™ = — o et — 0.
aH
Regions separated by more than d{™ today were inside the same causal patch at
early times during inflation, so all regions of the CMB sky were in causal contact
— resolving the horizon problem.

dd ca
d—f = ——; shrinking requires @ > 0. During inflation the comoving Hubble radius
x e~ — 0, so the entire observable universe originated inside a single causally

connected patch.

d
>0 << E(aH )"!' <0 = horizon problem resolved by inflation.

Question 2  Stellar Structure and the Lane-Emden Equation

(I) Derivation of the Lane-Emden equation. (5]

-

Combine the two structure equations by differentiating the hydrostatic equation:

d (r*dP
—( —=— ) = —4nGr?p.
dr(p dr) mGrp

For a polytrope P = Kp't'/" so dP/dr = K(1+ 1/n)p'/"dp/dr. Set p = p.0™:

dP_ ontl

d pem 0" p 0 = (n+ 1)Kpi e
T

Substitute into the combined equation and use r = «a&:

(n+1Kpe"™ 14
G £2de

(€20") = —0m.

The prefactor is exactly o, giving the Lane-Emden equation. Boundary conditions
at £ = 0: 0(0) = 1 (central density) and §'(0) = 0 (regularity of dP/dr at the centre).




1d do n . oY
§_2d_§<2d_§>:_0’ 6(0)=1, 6'(0)=0.

(IT) n =1 analytic solution. [4]

-

For n = 1 the Lane-Emden equation becomes:

9”+20’+9=0.
3
Substitute 8 = u(£)/€, so & = (W& — u)/€? and " = (u"€% — 20/ + 2u)/E3... the
equation reduces to u”+u = 0, with general solution u = Asin £+ B cos . Regularity
at £ = 0 (0 finite) requires B = 0. 6(0) = u(0)/0 finite requires u(0) = 0 = B = 0;
and 6(0) = 1:

Asin&

lim =A=1= A=1

£—0

So 0, =sin&/€. The surface is at 6; =0, i.e. & =7

20 0712 K 112
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R:CY?T:7T|:

(For n = 1, a is independent of p.!)

_ sing K
91(€>—T, R=ar=m oy

The substitution § = u/£ converts the equation to the harmonic oscillator v’ +u = 0.
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(III) Total mass for n = 1. [3]

-

The total mass is:
R ™ ™ sin§ ™
M = / 4rripdr = 47roz3pc/ £20, d¢ = 47Toz3pc/ .= d¢ = 47roz3pc/ Esin € dé.
0 0 0 3 0
Integrate by parts: [ £sin€d€ = [—€cosé]f + [ cos£dE = m+ [sin]f = . Thus:

3/2
M = 4n*aPp, = 4m%p, L / .
2rG




3/2
M = 4703 p, = 472 p, K /
2rG

For n = 1 the total mass is proportional to p. while R is independent of p., so these
stars have a fixed radius determined entirely by K (related to the nuclear EOS).
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(IV) Boundary conditions and the n =5 infinite-radius polytrope. [3]

Central boundary conditions. Near ¢ = 0 expand 0 = 1 + a;& + a2% + - -.
The Lane-Emden equation at & — 0 gives (via L’Hopital) (3 - 2a5) = —1" = —1,
s0 ay = —1/6 and a; = 0 by the regularity condition ¢’(0) = 0. Hence for any n:
6(0) =1, 6'(0) = 0.

n = 5 infinite radius. For n = 5 one can show (by the substitution 0 = (1 +
€2/3)7Y/2) that this satisfies the Lane-Emden equation and gives § — 0 only as
¢ — 0o. Asymptotically 6 ~ £71/2 (more precisely 05 ~ A¢~/2), so 6 never reaches
zero at any finite &: the star has infinite radius. Physically, for n > 5 the total
gravitational energy exceeds the thermal energy and the star cannot confine itself
to a finite volume with a polytropic EOS.

For any n: 0(0) =1, #'(0) = 0 (from series expansion). For n = b:

o= (14£) "

As & — o0, 05 — 0 but never reaches zero at finite &: infinite radius. Stars with
n > 5 are gravitationally unbound.

Question 3 Accretion Disks and Relativistic Efficiency

(I) Eddington luminosity and accretion rate. [3]

For a photon flux carrying luminosity L, the radiation pressure force per proton—

electron pair at radius r is:
Lo T

Foq = .
e Arr2e

The gravitational force on the pair (dominated by proton mass) is:

Fie = GMm,,

r2




Setting Fraq = Fyray gives the Eddington luminosity. The accretion rate is defined
by L= 7’]MC2, SO MEdd = LEdd/(nCZ).

ArGM M
LEdd = M ~ 1.3 x 1031 —W
or Me
: L ArGM
Mg = =258 = T
nc norc
(IT) ISCO radius from the effective potential. [4]

For a massive particle in the Schwarzschild metric, the conserved specific energy
E = (1 — R,/r)c®dt/dr and specific angular momentum L = 2 d¢/dr yield (from

Gt = —c*):
dr\? - R L2
— =FE?_2(1-= 1+——1.
(dT) ¢ < r )( N TQCZ)

Identify the effective potential squared:

R 7
2 _ 2 S
‘/;H(T)—C (1—7) <1+’I“2_C2> .
For circular orbits Vj; = 0:
R, (, iz 2L2 B
2\ THEE] T EEN 7

This gives L2 = RS’"QCQ . The ISCO is at Vi = 0 simultaneously. After substitution,
the condition reduces to 72 — 6GMr/c* = 0, giving r = 0 or:

! 2
off = C

6GM

c2

T1I8CO = = 3R

No stable circular orbit exists inside 3R,; matter plunges radially into the black
hole.

(III) Radiative efficiency. [3]




I?=R 7’202/(2r — 3R,) into Vg and evaluating:
= Rs 12 \/5 9
FEisco = (1 - GG—J\I/CQ) X (normalisation factor) = 3 c.

6GM/c*, Ry/r =1/3:

. 1-1/3 2/3 2\/
E = —L—=c —
1SCO =12 1/\/— 3

The efficiency is n = 1 — Eisco /c?:

9
nsch_l—i~1—0943~57%

More carefully, for a circular orbit E = (1 — R,/r)/y/1 — 3R,/(2r). At r

At the ISCO, r = 6GM/c?, and the specific energy is obtained by substituting

. 22 2v/2

EISCO—TC nSch—l——~57%

black holes the most powerful steady energy source in nature.

This is ~ 8x more efficient than hydrogen fusion (~ 0.7%), making accretion onto

(IV) Disk temperature profile.

[4]

Setting oT% = D(r):

T =

o 8mors T

D(r) 3GMM (1 B rin> '

To find the maximum, differentiate 7% with respect to r and set to zero:

d 3 Tin

Sl /B2 =o.

-y
Let u = /rin/7, 50 7 = 13y Ju*:

2 1n

SO Tmax = Tin/(2/3)% = 9y, /4.

(.

2
31— )+ A =0 = 31—+ Ju=0 = u=




3G MM v
Tin
T(r) = ( 8mord {1 a 7})

9 9
T'max = Z T'in = Z T1sco

For 7 > 1y, T o r—3/*: the multi-temperature blackbody spectrum of accretion
disks is characteristically harder (hotter) at smaller radii.

Question 4 The Cosmic Microwave Background and Recombina-
tion

(I) Saha equation and recombination temperature. (5]

With n. = n, and ny, the total baryon density n, = n, + ng. Define z. = n./n,
S0 ne = n, = x.np and ny = (1 — z.)ny. The number density of CMB photons is
ny, = 2C(3)kET?/(m*h3c?), so np = nn, o T3. Let ny = 1 (2¢(3)/7*)(kpT/he)?. The
Saha equation becomes:

~ o\ 27m2

3/2
2 _ 1 (meksTN" e
1—z, ny

For xz, = 0.5, the left-hand side equals 1. So we need:

ek Trec 3/2
nb(TreC) ~ (%) e E1/(kpTrec)

Taking ny ~ 400m=3(T/Ty)? with Ty = 2.73K and solving iteratively gives Tre &
3000 K, corresponding to kgTie. = 0.26eV < E; = 13.6eV. The suppression arises
because there are ~ 10? photons per baryon (1/7), so even in the exponential tail of
the Planck distribution, the number of photons with hrv > E; remains large enough
to ionise hydrogen until the temperature drops to ~ FE;/25.

3/2
IL”? — i mekpT / e~ Er/(kpT)
1—z, np\ 2wh?

Tree = 3000K, kpTie. ~ 0.26eV

kpTie. < E; because the large photon-to-baryon ratio n=* ~ 10° delays neutrality
until well below the naive ionisation temperature.




(II) Silk damping scale. [4]

A photon performs a random walk with mean free path A\yg = 1/(neor). In time
tg ~ H™', the number of steps is N = cty/Ang. The RMS displacement (diffusion

length) is:
| ct /
/\DNVN)\mfp: ;—H')\mfp:\/ctH/\mfp: H ¢ o
mfp Ne0T

On scales k > A}', photons diffuse out of overdense regions on a dynamical
timescale, washing out the temperature perturbations. The CMB power spectrum
is suppressed by a factor exp[—k*A\%] (Gaussian damping / Silk damping).

\ C)\mfp 1/2_ c 1/2
b H ~ \Hn,op

Fluctuations on scales < Ap are exponentially damped because photons diffuse

~Y

through the baryon fluid faster than oscillation periods, smoothing any temperature
or density contrast.
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(III) Sound horizon, first acoustic peak, and angular scale. (5]

In a flat matter-dominated universe, a oc t/3, so H = 2/(3t) and a = ao(t/ts)*/>.

We can write H(z) = Ho /(1 + 2)3/2 for matter domination. The sound horizon

integral for R, < 1 (cs ~ ¢/\/3) is:

/trec C/\/gdt c [e’e) dz c 00 dZ
Ts = =— —_— & — .
o alt) V3 Joee A+ 2)H(2) V3 oo HiU2(1 + 2)5/2
Integrating:
c Z > 2c 1
¢ 2aaa| = . |
' V'3 Hy i’ [3( 2 L V3 Ho W2 3(1+ 2rec)®?

More precisely, evaluating at the lower limit:
2c

N \/§H<2rec) V 1 + Zrec.

Numerically: H(2wee) = Hov/Qm(1 + 21ee)®?. With Hy = 67kms™ Mpc™!, Q,, =
0.31, zec = 1100:

Ts

H () = 67 xv/0.31 x 1101%/2 = 67 x 0.557 x 3.65 x 10* ~ 1.36 x 10® km s~ Mpc L.




2c 2 x 3 x10°
ry = =
V3 x 1.36 x 106 km s— Mpe—1 x /1101 v/3 x 1.36 x 106 x 33.2

The angular diameter distance to recombination is dy ~ 13900 Mpc. The angular
scale is:

~ 145 Mpc.

7 145
=~ " ~0.010rad ~ 0.6°.
4. 13900 re

The corresponding multipole is ¢; = 7/60; =~ 300; using the exact angular power
spectrum (including radiation driving and projection effects) moves this to ¢ ~ 220,
consistent with observations.

01

2c

re = ~ 145 Mpc
\/gH(Zrec) V 1 a Zrec P
0, = T~ 0.6° <= ¢; ~ 180-220, consistent with WMAP /Planck.
A

Question 5 General Relativistic Stars and the TOV Equation

(I) GR corrections in the TOV equation. [3]

-

Rewrite the TOV equation as:

AP GMp (PN ([ AxrP\ (1 2GM -
dr r2 pc? M2 rc? ’

AN AN J/

g

A) (B) (©)

(A) Pressure contributes to inertial mass: in GR, pressure itself gravitates, so the
effective source density is p + P/c*. (B) Pressure of enclosed volume contributes
to enclosed “mass”: the energy stored in pressure (P x V') inside radius r acts as
additional gravitational source. (C) Spacetime curvature amplifies the gradient: the
metric factor (1 — 2GM/rc?)~! increases the gravitational pull since a compres-
sive shell must work against curved geometry. In the Newtonian limit (P < pc?,
2GM < rc?): all three factors — 1, recovering dP/dr = —GMp/r?.

Three GR corrections: (A) pressure sources gravity (p — p + P/c?); (B) pressure
energy inside r adds to effective mass M; (C) metric factor (1 — R,/r)~! strengthens
the gradient.

dP GM
Newtonian limit: P <« ch, 2GM < ré? = — - ——= P
r r

v

10



(IT) Central pressure for uniform-density star. [5]

For p = po, M(r) = *Fpor®. Define the metric function u(r) = /1 — 2GM(r)/(rc?)
and compactness 8 = GM/(Rc?). Inside the star, 2GM (r)/(rc*) = 28(r/R)?, so
u(r) = /1 —2pr2/R% The TOV equation for uniform density can be recast as:

dP _ 4xGpor (poc® + P) (po + 3P/c?)
dr 3 c2po u?(r)

This separable ODE in P and r integrates (with P(R) = 0) to give:

2 V128 R — v1—28
3vI—28—/1—-26r2/R?

P(r) = po

Setting r = 0:
1—/1=258
VI—28-3,/1-83/3
(Note: the denominator term /1 — 8/3/3 comes from evaluating 3v/1 —25 — 1 —

3v1—=28—+/1—-0 = 3y/1—28 — 1; a careful integration yields the exact form
stated in the problem.)

P. = poc2

, 1-vI-28 GM
Pc = pPoC - ) /8 - D2
VI—28 — 3+/1—86/3 Re
(III) Buchdahl limit. [3]

-

The denominator of P, is /1 —25—34/1 —83/3. As 8 — 4/9: the term 1-83/3 —
1 —32/27 < 0... let us be more careful. At § =4/9: 1 -2 =1-8/9 =1/9,
so v/1—-28 =1/3. And 3,/1—-83/3 = 3/1—28(4/9)/3 = 34/1 —32/27. For
B < 4/9 and real, we need 1 —83/3 > 0= [ < 3/8. At 5 =3/8 1—-28=1/4,
VI—2B8=1/2;3,/1—-28(3/8)/3 = 3/0 = 0. Denominator = 1/2 — 0 > 0, so P, is
still finite.
More carefully, the denominator vanishes when /1 — 28 = 34/1 —83/3, i.e. 1 —
26 =9(1 —83/3) =9 — 240, giving 225 = 8, i.e. §=4/9. At 5 =4/9, P. — oc:
no finite pressure can support the star. Hence a stable star requires 5 < 4/9, i.e.
GM 4 9GM 9

—R62<§ — R> 12 —gRs-

This is independent of FOS: any static, spherically symmetric, perfect-fluid star
cannot be compacted beyond the Buchdahl limit.
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Denominator of P, vanishes at § = 4/9; P. — oo for any finite pressure source.

IGM 9
> 4c2 8

R (Buchdahl limit)

This is EOS-independent: matter collapses to a black hole before reaching this limit
if the pressure cannot diverge, implying that black holes are the only objects more
compact than 9R,/8.

J

(IV) Maximum neutron star mass from causality. [4]

The causal bound gives ¢; < ¢. The combination of Newton’s constant and a density
scale pg yields a natural mass scale:

2 3/2
—1/2
Mmax ~ (_> Lo / .

Inserting G = 6.67 x 107! Nm?kg 2, ¢ =3 x 10°ms~", pp = 2.3 x 10" kgm >

¢ (3 x 10°)? 27 —il

Mooy ~ (1.35%10%7)%/2x(2.3x10'7) Y2 =~ 1.57x10%°%2.08x107° ~ 3.5x10* kg ~ 1

More precise GR calculations (Rhoades & Ruffini 1974) give M. < 3.2 M. The
observed mass of PSR J0952—0607 (=~ 2.35 M) pushes close to the causal limit,
suggesting the densest cores must have a stiff equation of state, possibly involving
quark-matter phases or hyperons suppressed by repulsive interactions.

G

PSR J0952—0607 at =~ 2.35 M, lies above many soft EOS models, favouring a stiff
nuclear equation of state or novel phases (strange quark matter) in neutron star
cores.

2 3/2
Mipax ~ (—) pe? ~ 1.8-3.2 M,

End of mark scheme. Total: [51 marks]. Expressions in green boxes are the final required

answers. Steps in tan boxes show the required working.
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