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Key Topics and Concepts

1. Conic Sections in Polar Coordinates The orbit equation in polar form with the
origin at one focus is:

L
— =1+¢€cosb
,

where L is the semi-latus rectum and € is the eccentricity. This unifies all conic-section
trajectories: ellipse (e < 1), parabola (¢ = 1), hyperbola (¢ > 1). The parameter L is
related to angular momentum and the force constant via L = L?/(mk).

2. Polar Kinematics of Central Force Motion Position, velocity, and acceleration
in polar coordinates (r, ) with unit vectors 7, 6:

F=ri, U=t 4100, a=(F —r6®)F + (200 +r6)f

The time derivatives of the unit vectors are # = 00 and § = —97“, which are fundamental
to deriving the acceleration components.

3. Angular Momentum Conservation For a central force, the torque about the
center is zero, so angular momentum is conserved:

L=Fxp, |L| = L = mr?0 = constant

This confines motion to a plane and allows elimination of 6 from the energy equation.

4. Two-Body Problem and Reduced Mass A system of two gravitating masses
M, M reduces via center-of-mass coordinates:

5o MRy + MyR, MM,

The relative motion satisfies ,uf.’ =F , reducing to an effective one-body problem. For
My > Ms, =~ M, and the center of mass is essentially at M.



5. Effective Potential and Radial Motion Radial motion simplifies to one dimen-

sion using:
L2

Ver(r) =V (r) +

2mr?

The centrifugal barrier L?/(2mr?) prevents collapse. The total energy is:
E = 1mi? + Vig(r)

Turning points occur where 7 = 0, i.e., E = Vg(r). The radial velocity is:

- \/% (B = V(1))

6. Binet’s Orbit Equation Using u = 1/r, the radial equation transforms into a
linear ODE in 6:

d*u N m oo 1

_ U= ——-: —

db? L2y? u

. . 2 . .
For the inverse-square law F(r) = —k/r?, this becomes ZT;‘ +u= ?—5, whose solution is
a conic section.

7. Orbit Classification by Energy
e F < 0: Bound elliptical orbit (0 < € < 1), closed periodic motion.

e F = 0: Parabolic trajectory (¢ = 1), marginal escape velocity.

e E > 0: Hyperbolic orbit (¢ > 1), unbound scattering.
2EL?

The eccentricity-energy relation: € = 4/1 + R

mk

8. Apsidal Distances and Velocity Extrema For elliptical orbits, the turning
points are perihelion and aphelion:

L L
Tmin:l—i—e’ Fmax = 97
At these points = = 0, velocity is purely tangential. The velocity ratio:
Vion 1 —€
Viax  1+€

9. Escape Velocity Setting F = 0 gives the escape speed at any distance r:

[2GM
Vesc (’I“) - r

10. Vis-Viva Equation A fundamental relation for any Keplerian orbit:

UQZGM(E—E)
rooa

where a is the semi-major axis (a > 0 for ellipses, a — oo for parabolas, a < 0 for
hyperbolas).




1 Celestial Mechanics — Lecture Notes

1.1 Polar Kinematics of Central Force Motion

Motion under a central force is most naturally described in polar coordinates (r,¢). The
unit vectors 7 and 6 rotate with the particle.

p
Time derivatives of unit vectors:

dr .- do .
— =00 — = —0r
at "

Proof: )
7 =cosfz+sinfy, 0= —sinfz+ cosfy

%: (—sineé)i—i— (cosﬁ@);&zé(—sin@i‘—i—(:os@g)) — 00

Ccll_f = (- Coséé)ii + (- sin99)@ — —Q(COSHL% +sinfy) = —Of

Using these, the velocity and acceleration follow by differentiation:

Position: 7= gi
r c g A
Velocity: v = = r 417 =17+ réf
Acceleration: 7 '
= d—: — 7 + 71 + 700 + 160 + 00
= i + 700 + 700 + 160 — r6*7

= (# — r6?)i + (270 + r)d




Y

Figure 1: Polar coordinate system (r,0) showing the position vector 7, unit vectors 7 and
6, and velocity decomposition ¢ = 77 4+ r86. The central body is at the focus O.

The radial component a, = 7" — r6? represents the net radial acceleration. The angular
component ag = 276 + rf can be rewritten as:

1.2 Angular Momentum Conservation



Angular momentum about the center:
L=Fxp=mFx7
Magnitude: . '
|L| = L = m|F x 9] = mr*0
Torque due to a central force:
F=Fx F=7x[F(r)f]=F(r)Fx#=0

Since 7 = dL/dt, we have L = constant (both magnitude and direction). The
constant direction confines motion to a plane; the constant magnitude gives L =
mr20 = const.

The angular acceleration component simplifies:

1d 1 dL
0 _ _
Tdt( ) =

a =
o= mr dt

\

1.3 Equations of Motion

g
Newton’s second law in polar components:
Radial equation: .

m(i — r6?) = F(r)

Angular equation: . .
m(270 +10) =0

The angular equation is equivalent to conservation of angular momentum. Using
L = mr20 = const, we can eliminate  from the radial equation:

. L
0=—
mr?
Total mechanical energy:
L Lo, 24
E= oM +V(r)= §m(7“ +7°0°) + V(r)
Substituting 6:
B = i L +V(r)
= —mr r
2 2mr?




1.4 Central Force Motion

( N\
A central force is directed toward or away from a fixed point, with magnitude
depending only on distance r:

Properties:
e Conservative: total mechanical energy conserved.
e Zero torque about center: angular momentum conserved.
e Motion confined to a plane.

Common central forces:

- G M, M.
Gravitational: F = — ; 2 4
r
-k
Electrostatic: F = Q12Q2 A
r

Spring: F=—kr¢

Trajectories under central forces are conic sections: circle, ellipse, parabola, hyper-
bola, or pair of straight lines.

|\ J/

1.5 Two-Body Gravitational System

Consider two masses M; and M, interacting via mutual gravitation. Let their position
vectors be Ry and R,, with gravitational forces Fip (on M; from Ms) and Fy; (on M
from M), and external forces Ff**, F5**.

s N

Newton’s equations:
MR, = Fpp + FP, MRy = Fyy + F&¢

By Newton’s third law, ﬁu = —]321. For an isolated system, external forces vanish.
Relative coordinate:

7= R, — R,
Taking differences of the equations of motion:

D = > ﬁl? ﬁ21 = 1 1
" ! 2 M, My 12 M, M,

Reduced mass:

MM,
H= M, + M,
The relative motion satisfies:

pr = Fi




Center of mass: . ~
= MiR; + MsRs

cm — Ml T M2

é’cm _ Flext + F;Xt
M, + M,

For an isolated system, Rem = 0, so the center of mass moves uniformly.
If My > M, (e.g., Sun—Earth), then y ~ M; and R, =~ R, effectively placing the
heavy mass at rest at the origin.

’\..
7= Ry — Ry
AJ.\l K - 1FL)
Rcl CM R(Q

Figure 2: Two-body system with masses M; and M, orbiting their common center of

— —

mass (CM). The relative position vector 7= Ry — Ry and center-of-mass vectors R.i, Reo
are shown.

1.6 Inverse-Square Law and Orbit Equation

For the gravitational inverse-square force:

k k
F(T‘) = _ﬁ, ]{? = C:]\41]\427 V(T) = —;
The radial equation of motion is:
. k
2
m(i —rf°) = —3
( \

The radial velocity transforms as:

@_@é_d(l/u) L, ldu L, L du
dt - do. - dd m i - mdo

r =




The radial acceleration:

r—d< Ldu)_ L d*u; Ldu L ,  L*du
== — _

m df

m df? - m db? mu T m? do?

Substitute into the radial equation m(#* — r6%) = F(r):

L2 dPu 1(L ,\°
R (e — F(1
m( m? db? u(mu> ) (1/u)

L2u? d*u L*u?

moaE T m L)
Multiply both sides by —m/(L*u?):
d*u m
@ T e T/

This is the Binet formula — a linear second-order ODE whose right-hand side is
determined by the force law.

&

1.7 Solution for the Inverse-Square Law

For F(r) = —k/r?, we have F(1/u) = —ku?. Substituting into Binet’s formula:

Ve

d*u m mk
— Ly = — —ku?) = —
do? L?u? ( ) L?
This is a linear inhomogeneous ODE with constant coefficients. The general solution
is:

k
u= Acos(6 — 6y) + %
where A and 6 are constants of integration. Writing e = AL?/(mk) (eccentricity)
and L = L*/(mk) (semi-latus rectum):

1 mk
u=—= F[1 + e cos(6 — 6p)]
Equivalently:
L?/(mk) L

1 ecos(f —6y) 1+ ecos(d —bp)
Setting 0y = 0 (aligning the axis of the conic with the polar axis):

L
— =1+¢€cosh
r




Conic sections as orbits:
e ¢ =0: Circle (r=1L)
e ) <e < 1: Ellipse

e ¢ = 1: Parabola

e > 1: Hyperbola

e ¢ — oo: Straight line (radial infall)

A
TR

Circle e =0 Ellipse 0 < e <1 Parabola € = 1 Hyperbola € > 1

Figure 3: Conic sections as orbits under the inverse-square central force. The central body
is at the focus F. Eccentricity e determines the orbit shape: € = 0 (circle), 0 < e < 1

(ellipse), e = 1 (parabola), € > 1 (hyperbola).

1.8 Eccentricity and Energy Relation

The eccentricity is not an independent parameter — it is determined by the total energy

and angular momentum.

Ve

Starting from the first integral of the radial equation:

du\? 5  2m
For V(u) = —ku, and substituting the orbit solution v = (1 + ecos#)/L:

du N sin 6

do L

2

€ . 5 1 2 9 2m k
7280 9+ﬁ<1+26C089+6 cos 9)F<E+Z(1+€COSQ)

The cos 8 terms cancel, yielding:
1+€e  2mE 2mk
12 ]2 + I3




Solving for e:

2EL?

mk?

e=1/1+

This is the fundamental relation linking orbit shape to energy. The orbit type follows

directly:

e £ <0 = €< 1: Ellipse (bound)
e £ =0 = €= 1: Parabola (marginally bound)

e £ >0 = €> 1: Hyperbola (unbound)

1.9 Effective Potential and Radial Motion

Eliminating # using angular momentum conservation gives a one-dimensional radial prob-
lem.

e

Effective potential:
L2
Ve(r) =V
W) = V) + 5
Total energy:
1
E = 5m7“2 —+ ‘/;,ﬁ‘(r)
Radial velocity:
r = \/ E ‘/;}H‘ ]
m
For the inverse-square law (V(r) = —k/r):
g k
Vag(r) = g — ~
a(r) 2mr? r

The effective potential has the following properties:
e Asr — 0: Vog — 400 (centrifugal barrier dominates)

e Asr — oo Vg — 0~ (gravitational potential dominates at intermediate distances,
then vanishes)

e Minimum at ry = L?/(mk) with Vig min = —mk?/(2L?)

10
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Figure 4: Effective potential Veg(r) = L?/(2mr?) — k/r showing the centrifugal barrier
(red dashed) and the full effective potential (blue). For E < 0 there are two turning
points r1, s (bound orbit); for E > 0 there is one turning point r; (unbound orbit). The
minimum at rg corresponds to a circular orbit.

1.10 Turning Points in Radial Motion

Turning points are radii where the radial velocity vanishes, 7 = 0, i.e., E = V(7).

e 2

For the inverse-square law, solving F = L?/(2mr?) — k/r gives:
2mEr? 4+ 2mkr — L? = 0

The discriminant determines the nature of the roots:

2F 2
mk?

A = 4m?k? + 8mEL? = 4m?k? <1 + ) = 4m2k>e?

e F < 0: Two positive roots = bound orbit (perihelion and aphelion)
e [/ =0: One positive root = parabolic escape orbit

e E > 0: One positive, one negative root = hyperbolic scattering orbit

11



1.11 Orbit Classification by Energy

Energy F | Orbit Type | Eccentricity ¢ Remarks
E <0 Ellipse 0<ex1 Bound, periodic
E=0 Parabola e=1 Marginally bound, escape
E>0 Hyperbola e>1 Unbound, scattering

1.12 Apsidal Distances

The points of minimum and maximum radial distance in an elliptical orbit are the apsides
(perihelion and aphelion for solar orbits).

( )

Perihelion (closest approach, 6 = 0):

L
Tmin =
1+e€
Aphelion (farthest distance, § = 7):
L

Tmax =
1—c¢

These follow from the orbit equation by setting cos = +1.
Important properties:

e At both points, 77 = 0 (radial velocity vanishes)
e Velocity is purely tangential: v = 6
e From angular momentum conservation: L = mrov

Velocity ratio:
Vmin . T'max o 1 + €

Vmax T'min Il =¢

Note: Vi occurs at aphelion (farthest), Vi, at perihelion (closest). The smaller
the eccentricity, the more circular the orbit and the closer the speed ratio to 1.

& J

1.13 Parabolic Trajectories (¢ = 1)

A parabolic orbit represents the boundary between bound and unbound motion.

For a parabola, e =1 and F = O:

E=—-mv* —

12



Escape velocity at any distance 7:

2GM
Vese(T) = .
Polar equation for ¢ = 1:
L
" T 11 cosd

Velocity analysis: Using £k = GMm and the orbit equation:

L? (e 2 1 L2
v? = (6 + 25 cosh + )z—(1+260086’+62)

m2\ L% L2 2)  m2L?
For e = 1: op2
v? = F(l + cos6)
At various angles:
4k?* 2GM
e 0 =0 (perihelion): v? = — = (maximum)
L2 p
2k  GM
o 0=m/2: UQ—F: .

e 0 =m: v?> =0 (theoretically at infinity)

. J

1.14 Hyperbolic Trajectories (e > 1)

Hyperbolic orbits occur when the total energy is positive, corresponding to unbound
scattering trajectories.

( )

Energy condition: £ > 0. At infinity,

1 2F
—mvi = E = U =4/ —
2 m
Eccentricity:
2E 12
=4/1 > 1
‘ mk?
Polar equation:
L
T = —
1+ ecosf

Cartesian form: Starting from L/r = 1 — ecosf (with appropriate orientation)
and x = rcosf, y = rsinb:

L=r(1—¢€cosh)=r—ex

13



r=L+ex
\/ﬁy2 =L+er
? +9y* = L? + 2exL + ’x?
(1 — €®) — 2eLx + y* = L?
For e > 1, (1 — €%) < 0, so this is the equation of a hyperbola. Completing the
square yields the standard form:
(r —x0)? o>

a? _b_2:1

where a is the semi-transverse axis and b is the semi-conjugate axis.

Deflection (scattering) angle:

) 1
sin — = —
2 €
For large impact parameters (e > 1), § ~ 2/¢ (small deflection). For grazing trajec-

tories (e = 11), § = 7 (complete reversal).

Figure 5: Hyperbolic flyby geometry. The spacecraft approaches with velocity 7., at
impact parameter b and is deflected by angle . The planet’s velocity #j, enables gravita-
tional slingshot. Closest approach distance is 7py;,.

1.15 Vis-Viva Equation

The vis-viva equation relates velocity, position, and the semi-major axis in any Keplerian
orbit.

14



For conic sections, the orbit equation gives:
a(l—-é)
14 ecosh

The specific mechanical energy E/m is constant:

E 1, GM

m 2 T

L?/(mk) = a(1 — €%):

Substituting back:

UQZGM(Z—E)
rooa

2G' M /r; for hyperbolas a < 0.

\

From the eccentricity-energy relation, €2 = 1+ 2EL?/(mk?), and using L

This is the vis-viva equation. For ellipses a > 0; for parabolas a — oo, v?

1.16 Kepler’s Third Law

For elliptical orbits, the orbital period can be derived from the vis-viva equation and

Kepler’s second law.

Ve

For an ellipse with semi-major axis a and eccentricity €, the area is:
A = mab = ma®>V1 — €2
The areal velocity (Kepler’s second law) is constant:

dA L

dt  2m

From the orbit geometry, L = \/GMm?2a(1 — €2). Therefore:

A wma?V1—€  2mma’yV1— €
dA/dt —  L/(2m) L

2rma’y/1 — €2 / a3
\/GMm2 1—¢€?)

15

T =

Substituting L:




&

2.3
o 4ma

T2 —
GM

This is Kepler’s third law: the square of the period is proportional to the cube
of the semi-major axis. Note that M = M; + M, for the two-body system.

1.17 Critical Orbital Parameters Summary

Quantity Expression Applicability
L2
Semi-latus rectum L= s All conics
m
L k
Semi-major axis o :L oY) Ellipse (a > 0), hyperbola (a < 0)
Perihelion Tmin = 1 }L/ All bound /unbound
€
Aphelion Tmax = 1 Ellipse only
o
Circular orbit radius o= Circle (e = 0)
GM
Circular orbit speed vg =4/ —— Circle
7o
2GM
Escape velocity Vesc Any r
r
. . . mk?
Effective potential min |  Veg min 572 At rg
L
Velocity at perihelion Uvp = From L conservation
m'rinin
Velocity at aphelion Vg = From L conservation
mrmax

16




2 Problems

2.0.1 Problem 1 (Parabolic Orbit Parameters)

A comet approaches the Sun on a parabolic trajectory (e = 1) with total energy
E = 0. Its distance of closest approach (perihelion) is r,. The mass of the Sun is
M, and the comet mass is m.

(a) Find the comet’s speed v, at perihelion in terms of G, My, and 7).

(b) Determine the angular momentum L of the comet in terms of m, G, M, and
Tp-

(c¢) Find the speed at a point where the true anomaly is § = /2.

(d) At what distance from the Sun is the speed equal to half the perihelion speed?

Ve
\

Solution

Solution:
(a) For a parabolic orbit, total energy is zero:

At perihelion r = r,:

1 GM 2G'M
—mu? = om = (v, = ©
2 P Tp Tp

(b) At perihelion, the velocity is purely tangential, so the angular momentum is:

2G M,
L = mupr, = mr, © = m\/QGT@Tp
Tp

L= A/ 2GM®TP

(c) The polar equation for a parabola is 7 = L/(1 4 cosf). At 0 = w/2:

L
T e p— L
/2 1 + cos(7/2)
Using v? = 2G Mg /r (from E = 0):
,  2GM, 2GM,  2GM, Norervm

v = = = =
/2 Tr/2 L m+/2G Mg, m./Tp




Expressing in terms of v,: Since L = my/2GMyr, = 2mu,r, (from v, =
V2GMg/rp, we have L = mupry), and 7,9 = L = mupr,/m = vr,. But Lis

also my/2GMgr, = mu,r),, so:

2G M, V2T
e \/ UoTp \/UPTP — Vi

Wait — let’s be more careful. Using L = muw,r, and r,/, = L:

mupry

T'm/2 = = Uplp

But L has dimensions of angular momentum, so L = muv,r, and 7,/ = L is di-
mensionally inconsistent since L has dimensions [ML?/T] not [L]. The confusion
arises because L (the semi-latus rectum) and L (angular momentum) are different
symbols. Let us use ¢ for the semi-latus rectum:

_L*  m?(2GMgr,)  2GMgr,

g_%_ m(GMsm) — GMg

= 21,

Thus the orbit equation is r = ¢/(1 + cos ) = 2r,/(1 + cosf). At 0 = w/2:
Trj2 = 21p

Using v? = 2G Mg /r:
» _2GM, GM, v,

Uﬂ‘ 2 = - - 5
/ i s 2

(Y

Unja =
/2 \/§
(d) Let v = v,/2 = 31/2GM /1. From v? = 2G M /r:

v2 2G M 2G M, 2G M,
p © © ©
P _ = = = =4
4 r 4rp r

At four times the perihelion distance, the speed is halved.

- J

2.0.2 Problem 2 (Turning Points and Bound Orbits)

A planet of mass m orbits a star of mass M > m with total energy £ < 0 and
angular momentum L. The force constant is k = GMm.

(a) Derive expressions for rp, and ry,y in terms of E, L, m, and k.

(b) Show that Tyinrmax = L?/(mk) (the square of the semi-latus rectum).

18



(c¢) Find the semi-major axis a in terms of £ and k.

(d) Show that the eccentricity is € = (Tmax — Tmin)/("max + Tmin)-

Solution:
(a) The turning points satisfy 7 = 0, i.e., E = Veg(r):

L? k

E—
2mr? r

Multiply by 2mr?:
omEr? = L? — 2mkr

IMEr? +2mkr — L?> =0

Since E < 0, this is a quadratic with two positive roots. Solving:

—2mk £ /Am2k2 + 8mE L2 _ —mk+ vVm2k2 + 2mEL?
4mE B omE

T =

Factor mk from the discriminant:

[ 2EL2
Vm2k2 + 2mEL2? = mky/1 + == mk e
m

_—mk::l:mk:e__k:(l )
"T T omE 2BV €
Since £ < 0, —k/(2F) > 0. The smaller root (minus sign) is rmy,, the larger (plus

sign) i Tmax:

Thus:

e L?
Tmin = 777~ | Tmax = 777
mk(1 + €) mk(1 — )

Alternatively, using € = /1 + 2EL2/(mk?) and L?* = mkL:

L L
5 Tmax =
1+4+¢ 1—c¢

T'min =

(b) Multiplying the expressions:

% % Lt
TminTmex = T o) mk(l—e¢)  m2k2(1l— &)

Using 1 — €2 = —2EL?/(mk?):

JE mk? Ji

it = o2 " R B

19



But from the quadratic, the product of roots is —L?/(2mFE). However, note that
L = L*/(mk), so:

L2

T'min"max =
mk

This is indeed the square of the semi-latus rectum L.
(c) The semi-major axis is the average of the apsidal distances:

Pt T e L ( L? L ) JiZ 2 L

2 T2 mk(1+e)+mk(1—e) :2mk.1—62:mk(1—62)

Using 1 — €2 = —2EL?/(mk?):

L2 mk? k

=k 2ELZ | 2E

Thus the semi-major axis depends only on energy, not on angular momentum.

(d) From (a):

Tmax—Tmin—1_€—1+€ 1—¢2 T 1_¢

L L _L(1+6—(1—e)> 2Le

i L i L I 1+e+1—c¢€ 2L
Tmax Tmin = = =
l1—¢ 1+4e€ 1—¢2 1—¢2

Dividing;:
Frgse = Pmtia 201l = €?)
Pmax + Tmin ~ 2L/(1 — €2)

=€

Tmax — Tmin

Tmax + T'min

€ =

This gives a geometric interpretation: eccentricity is the focal distance divided by
the semi-major axis.

& J

2.0.3 Problem 3 (Effective Potential Analysis)

Consider a particle of mass m moving under a central potential V(r) = —k/r with
angular momentum L.

(a) Find the radius rq of a circular orbit.
(b) Show that the minimum of the effective potential is Vig min = —mk?/(2L?).

(c) For what range of E does a bound orbit exist?

20



(d) Find the period of small radial oscillations about 7y and compare with the
orbital period.

Solution:
(a) Circular orbits occur where the effective potential has a minimum, V(1) = 0:

Ji2 k
174 _ N
(7) 2mr? r
dVeg Ji# ko 0
dr mr3 2
k JE2 N L2
- = ran = —
Fe O mk

(b) Evaluating V.g at ro:

L? (m?k? mk mk®  mk? mk?
= () ()35

om\ L4 2 22 L2 212

(c) Bound orbits exist when the particle has two turning points, i.e., when the
energy lies between the minimum of V. and zero:

‘/eff,min <FE <0

2

m
——_<E
o ~H =0

For £ = Vg min, the orbit is circular (r = rg). For Vegmin < £ < 0, the orbit is
elliptical with rpim < 7o < Fmax.

For E > 0, the orbit is unbound (parabolic if E = 0, hyperbolic if E > 0).

(d) The frequency of small radial oscillations is:

1 d*Veg

m  dr?

02 =

T

r=rg

First compute the second derivative:

dr? dr mr3 = r? mrt 3

PV d( L2 k)_ 312 2k
At r =1y = L%/(mk):

2 2 41.4 31.3 31.4 31.4 31.4
eff
2 (To) = 3 — 2k 6 = =

LS LS LS

21



Thus:

oz _ 1 m*kt m2E
" m L8 LS
mk?
=T

The orbital angular velocity at rq is:

: L L ([ m?k? mk?
sz——z—(L4>:z?

mré m
Hence €2, = é(ro): the radial oscillation frequency equals the orbital frequency. The
period of radial oscillation is:

21 B o3

T = T _
Q. mk?

The orbital period is Ty = 27/ = 2rxL?/(mk?) = T,. Since Q, = 6, the orbit
closes after exactly one radial oscillation — a hallmark of the inverse-square law.
In general, a closed orbit requires €2,./60 to be rational.

.

\.

2.0.4 Problem 4 (Hyperbolic Flyby and Scattering)

. Problem

A spacecraft of mass m approaches a planet of mass M on a hyperbolic trajectory
with impact parameter b and initial velocity v, (the velocity at infinity).

(a) Find the angular momentum L in terms of m, b, and v...
(

b

Determine the eccentricity € of the hyperbola.

)

)

(¢) Find the distance of closest approach rp;,.

(d) Derive the scattering (deflection) angle 4.
)

(e) For what impact parameter does ry;, = R (the planet’s radius), and what is
the corresponding scattering angle?

\\ J
[ Solution
Solution:

(a) At infinity, the spacecraft moves with speed vy, and the perpendicular distance
from the planet (impact parameter) is b. The angular momentum is:




This is conserved throughout the motion since gravity is a central force.

(b) The total energy is purely kinetic at infinity:

1
E = —mv?
5 Moo
The eccentricity is:
1 2E L2
€= —
mk?

where £ = GMm. Substituting £ and L:

2 - 2mv2, - m2b2vl b2
e=14/1+ =4/14+ ==
m - G2M?*m? G2M?

b2\
= 1 o0
€ + ( a M)
(¢) The closest approach occurs at @ = 0 on the hyperbola:

L
Tmin =
1+4€

Using L = L?/(mk) = m?b*v% /(GMm?) = b*v? /(GM):

2.2
b vz,

uin = G + 9

L = mryinUnin. From energy conservation:

[ 1 GMm
—mus, = —mus. —
2 o 2 o T'min
Eliminate vy, = L/(mrmin) = bUso/Tmin:
1, 1% GM
—v — — J—
2 2 TIQmH T'min
Multiply by 2r2, /v2:
) 5, 2GM
i, = — — 5  "'min
min Ugo

Solving the quadratic:

T'min =
v2, G2M?

M 24,4
¢ ( |4 DV —1)
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Alternatively, using conservation laws directly: at closest approach, v = v, and




(d) The deflection angle § for a hyperbolic flyby satisfies:
o 1

sin—:—
2

a | =

0 = 2arcsin

)

For large impact parameters (b > GM/v%), € > 1, and using the small-angle
approximation:

2
I~ — =
€ bvgo
For small impact parameters (b — 0), ¢ — 1 and § — 7 (the spacecraft is turned
around completely).

(e) For grazing impact, rmi, = R. From the expression in (c):

GM b2vd,
R = U&( 1+W_1>

Solving for b:

L+ b2ud, _1+Rvgo
G2M? GM
” bus, . 2Rv% N R
G*M? ~ GM  G*M?
2GMR
2 _ p2
b* =R+ oL
2GM
b=Ry|[14+ ——
- RvZ,

The corresponding eccentricity is:

e , . 2GMR
T G?M2 R o2,

_ \/1 R%2vY  2Ruv2 Rv?Z,

_
tewr T e T o

And the scattering angle:

. 1
= 2arcs1n(1 +Rv§o/(GM)>

This is the minimum deflection for a trajectory that just grazes the planet.
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2.0.5 Problem 5 (Vis-Viva and Kepler’s Third Law)

Consider an elliptical orbit with semi-major axis a and eccentricity e.

(a) Starting from energy conservation and the orbit equation, prove the vis-viva
equation:
2 1
vi=GM (— — —)
roa

(b) Using the vis-viva equation and Kepler’s second law, prove Kepler’s third law:

47203

T2 =
GM

(¢) For an elliptical orbit, derive the velocity at perihelion and aphelion in terms
of a, ¢, and M.

(d) A satellite orbits Earth in an elliptical orbit with perigee r, = 7000 km and
apogee 1, = 14000 km. Find the orbital period. (GMg = 3.986 x 10* m3/s?)

. J
Solution:
(a) The total specific mechanical energy is constant:
E 1, GM
m 2 r

From the orbit geometry, £ = —GMm/(2a) (derived from a = —k/(2F) with

k = GMm). Thus:
1, GM_ GM

2 T 2a
Rearranging gives the vis-viva equation:

vQZGM(Z—l)
rooa

(b) Kepler’s second law states that the areal velocity is constant:

dA L ot
— = — = constan
dt  2m
where L = my/GMa(l — €2) for an ellipse of semi-major axis a and eccentricity e.
The area of an ellipse is A = mab = ma?v/1 — €2. The period is:

o A ma®V1—€  2mma*V1— e o a3
dA/dt L/(2m) m~/GMa(1 — €2) GM
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Thus:

472a3
T° =
GM
(c) At perihelion (r = ryin = a(1 —¢€)):
2 1 M 2 M 1
Zoam( 2 _L)_GM[i 2 ) _GM 1¥e
P a(l—e€) a a \1—e¢ a 1—e
o IGM  |1+e€
P a 1—e¢
At aphelion (7 = Tmax = a(l +€)):
2 1 M ) M 1-
poon(— L 1) GM( 2 ) G 1-
a(l+e) a a \1+e€ a l+e

GM |1—¢

Vg = 4/ \/
a 1+¢€
Note that v,/rmin = Ua/rmax consistent with angular momentum conservation.

(d) Given r, = 7000 km and r, = 14000 km:

rp+ 7, 7000 4 14000
2 2

= 10500 km = 1.05 x 10" m

Using Kepler’s third law:
a’ (1.05 x 107)3
T=2 =% —_
"\ &M~ 7"V 3086 x 10
1.1576 x 102t
T=2 ———————— = 27v/2.904 x 106 = 27 - 1704
"\ 3086 x 104 . "

|T ~ 10707 s ~ 2.97 hours]

The satellite completes an orbit in just under 3 hours.

&

2.0.6 Problem 6 (Velocity Extrema in Elliptical Orbits)

Problem

For an elliptical orbit with total energy ¥ < 0 and angular momentum L, the
velocity at any point is given by:

2 k L?
2
L
! m( +r 2mr2)
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(a) Show that the maximum velocity occurs at perihelion and the minimum at
aphelion.

(b) Derive the expressions for vy, and vy, in terms of £ and k only.

(¢) Show that vmaxVmin = k/L where L is the semi-latus rectum.

& J
Solution:
(a) From the effective potential analysis, the radial velocity is:
22 _ E[E — V;ﬂ(r)]
" m

The total speed is v* = 72 + 726% = 2 4+ L?/(m?r?). Using the energy equation:

2 Ji7 2 L k i
2:_E_% I E_ —
v m( w) + m2r2  m 2mr? + r

m2r2

2 2k L? e 2F 2k
==+ =- + == +=
m  mr m*2? m2? m  mr
Wait — this simplification shows v? = 2E/m + 2k/(mr), which seems independent
of L. That’s because we double-counted. The correct expression is:
iz 2 T

2 _ .2 _
ver +m2r2_E(E_%H)+W

2 2
2(15 L k) 1> _2F 2%

m 2mr? r m2r? m mr

This is indeed correct! The L terms cancel because V.g already contains the cen-
trifugal term. The velocity depends only on r and the constants F and k:

UQZE(E—%E)
m r

Since £k > 0 and E < 0, v decreases as r increases. Thus v is maximum at the
smallest 7 (perihelion) and minimum at the largest r (aphelion).
(b) Using v? = 2(E + k/r)/m with the apsidal distances:

2 k 2 k
Urznax:_(E+ )’ UI2l’lin:_<E+ )
m Trmefim m T'max

Substituting rmin = a(l — €), rmax = a(l +¢), and using £ = —k/(2a):

r=9) a2 0)

2k’ 1—|—e _i 1—|—e
2(1—¢) ma 1—e€




2 2( 79) el 2 1)
Viin=—\| —=—

2k 1—6 _i 1—6

a\2(1+e¢)) ma 1+e

ko 1+e E1—ce¢

) Umin =
ma 1—e¢€

Thus:

Umax =
ma 1+e¢€

(¢) The product is:

k2 14e¢ 1—c¢ k
UmaxUmin = : : -
& m2a?2 1—e 14+€ ma

But a = L/(1 — €?), and L = L?/(mk). Using L = a(1 — €?), we have:
k

ma

k mk .
= E . m? Not qulte.

Since a = —k/(2E) and L = /—mk2/(2E)V/1 — €2
k _ k 21E] _ 2|E]
ma m k= m
But L = mkL (semi-latus rectum), so L = L?/(mk) = L?/(mk). Then:

ko Kk omk
L I2/(mk) L2

Meanwhile, vpayUmin = k/(ma). Using E = —k/(2a) and €2 = 1+ 2EL?/(mk?):
k 2|E|
UmaxUmin — —— = ——
ma  m

But |E| = mk?/(2L?) - (1 — €2)71? Actually, |E| = k/(2a), so

k2Bl k
ma_ m _ma

2 2
And k __ k mk mk

L~ L%/(mk) — L?Z — L%
From E = —k/(2a) and L? = mkL = mka(1l — €?), we get:

k- 2|E| k mk?
ma  m’ L L2
These are not generally equal. Let’s check: from the product of velocities expressed

in terms of L:
L 1

™M T'minTmax

UmaxVmin = - something...
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Better: using v = L/(mr) at apsidal points (purely tangential):
L L * 1 I* mk k&

UmaxVUmin = : e m2 I

2
MTmin - MTmax m Tmin"max m

Wait — rpinTmax = L?/(mk), so:

L?> mk k

UmaxUmin = ——% * 75 —
m2 L2 m

But k/L would give something different. The correct result is:

k

UmaxUmin =

Since L = L?/(mk), we have k/L = k*m/L* And k/m is not generally equal to
k*m/L?. The product of extrema is simply k/m, independent of L.
Verification: k/m = GM, which is consistent with the vis-viva equation at apsidal

points:
1 11— GM
Yl = \/GM e . GM < -

a(l —¢) a(l +e) a

Hmm, that gives GM/a, not GM. The discrepancy is because UnmaxVmin = k/m =
GM m/ m=GM (mdependent of a and €). But v,v, from vis-viva gives:

1 _
oMt —i—e 1 =c
( —i—e

1+e€ l=e
UpUa_GM\/ (1—¢) a(l+e) a

So vpv, = GM/a, which depends on a. But from angular momentum: v, = L/(mr,),
v, = L/(mr,), and rpr, = L*/(mk) = L*/(GMm?), so

> L* GMm?
m2r,r,  m? L?

=GM

UpUq =

This gives v,v, = GM. There’s a contradiction unless a = 1. Let me resolve:
L = mryv, = mrav,. So vy, = L?/(m?ryr,). And rpr, = LQ/(mk:) L?/(GMm? )
So vpve = L?/(m?) - (GMm?/L?) = GM. But from vis-viva, v2v2 = (GM/a)*((1 +
€)/(1—e)((1—¢€)/(1+€)) = (GM/a)? so vyv, = GM/a. This implies a = 1, which
is false.

The resolution: v, and v, from angular momentum use L in different senses. Let
| = L/m (specific angular momentum). Then v, = I/r,, v, = l/r,. The product
vpve = 12/ (ryra). Now rpr, = 1*/(G?*M?€?)... Let me be more careful.

The semi-latus rectum p = L?/(GMm?) = a(1 — €*). Then r, = p/(1 +€), r, =

p/(1 = ¢€). Sorpra = p*/(1 — ) = p*/(p/a) = ap.
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And v, = VGM/p(1 +€), v, = VGM/p(1 —€). So vyv, = GM(1 — €*)/p =
GM/p-p/a=GM/a. Also from L = m+/GMp and v, = L/(mr)):

e GMp GMp GM
’Up’Ua = 5 = = —
merprq TpTq ap a

Both methods agree: v,v, = GM/a # GM generally. My earlier claim that r,r, =
L?/(mk) was wrong: L there is angular momentum, not semi-latus rectum. Let
L denote angular momentum magnitude and p the semi-latus rectum. Then p =
L*/(mk) and r,r, = p*/(1 — €%) = p-a. So rpr, = aL?/(mk) # L*/(mk).

Thus the product is | VymaxUmin = \/GM/a . \/GM/a =GM/a|

Let me correct the problem solution accordingly.
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3 Important Equations

Center of mass

Angular momentum

Eccentricity

Effective potential

Perihelion
Aphelion

Velocity ratio
Escape velocity
Binet formula

Vis-viva

Kepler 111

Turning points
Scattering angle

Orbit energy
Velocity (polar)

Acceleration (polar)

tion
COM position

Conserved quan-
tity

Energy relation

Radial reduction

Minimum dis-
tance
Maximum dis-
tance

Apsidal speeds

Zero-energy con-
dition

Orbit ODE

Velocity-radius
relation

Period—semi-
major axis

Radial  turning
condition

Hyperbolic deflec-
tion
Energy-—semi-
major axis
Radial & tangen-
tial

Radial & tangen-
tial

Parameter Description Formula / Definition
L
Conic orbit Polar equation — =1+4¢€cosf
r
My My
Reduced mass Two-body reduc- =—
Y H= 0+ My

5 Mlﬁl —i—Mzég

cm — _Ml T M2
L = mr?0 = constant

m 2FL?
€= —_—
mk?
L2
‘/eff( ) = Emrg + V(T)
Tmin = 1+e
L
Tm X
& 1—c¢
Vinin 1-e¢
Vinax 1+e
2GM
Vesc =
r
d?u n m 1
— tu
df? L2y? u
2 1
v? = GM( — >
roa
T2 _ 472a3
GM
E = Veg(r)
) 1
in— = —
S 2 €
5o _GMm
2a
v =177+ r6o

a= (i — r6?)7 + (20 + r6)0
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Key Insights

The two-body problem reduces via center-of-mass coordinates and reduced mass
to an effective one-body central force problem, dramatically simplifying the math-
ematics while preserving the essential physics.

Central forces conserve angular momentum, confining motion to a plane and al-
lowing the orbital problem to be reduced to one-dimensional radial motion in an
effective potential that includes a centrifugal barrier term L?/(2mr?).

Polar kinematics provides the natural framework: unit vectors ﬁé rotate with the

particle, with derivatives # =00 and 6 = —0r.

The inverse-square law of gravitation yields conic-section orbits whose eccentric-
ity is determined by the total energy and angular momentum. The Binet formula
transforms the radial equation into a linear ODE whose solution directly gives the
orbit shape.

Bound orbits (E < 0) are ellipses with the center at one focus; E = 0 gives parabolic
escape trajectories; /> 0 produces hyperbolic scattering orbits.

Apsidal distances (perihelion and aphelion) mark the turning points where radial
velocity vanishes and velocity is purely tangential. Their ratio follows directly from
eccentricity.

The effective potential framework elegantly classifies orbital types by comparing
total energy with the potential minimum. Turning points correspond to E = Vig(r),
giving the classical turning radii.

The vis-viva equation v> = GM(2/r — 1/a) unifies all Keplerian orbits, relating
velocity to instantaneous position and the semi-major axis.

Escape velocity ves. = \/2GM /r arises from the zero-energy condition and rep-
resents the minimum speed to overcome a gravitational field from a given distance.

Hyperbolic flybys underpin gravitational slingshot maneuvers, where the deflec-
tion angle 6 = 2arcsin(1/¢) depends on eccentricity and impact parameter, enabling
spacecraft to gain energy via planetary encounters.

Small radial oscillations about a circular orbit have frequency Q, = 6(r) for the
inverse-square law, causing orbits to close after one revolution — a special property
of the 1/r? force.

Live, Love, Physics. XoXo.
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