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1 9N AL 8 T @ — Introduction: Orbits
& Conservation Laws

1.1 FHART ST IV sifog A/ — Types of Orbit vs. Type

of Motion
not S.H.M.
[ Circular orbit ]< - >{ S.H.M. ]
Cartesian: SHM
A
[Elliptical orbit} ‘LPeriodic motion]

Figure 1: Relationship between orbit type and type of motion. A circular orbit is
equivalent to S.H.M. in each Cartesian coordinate (bidirectional arrow). An elliptical
orbit gives periodic motion; S.H.M. gives periodic motion but circular motion is not
S.H.M. in the polar-radial coordinate.

1.2 2SSy (IF 710 7ea% @ — Three Conservation Laws
from Symmetry

TR *If& (Orbital Energy) Clifeis 41901 ST I&:

Law — Conservation <— Symmetry.

[Linear Momentum]

ﬁ%ﬁﬁ“
space symmetry (x,y, z
o (#.9.2)

,LAngular Momentum]

m rotational symmetry
O
o

time symmetry (60)

A concrete example from kinematics:
s =ut + %atQ.

ST AfSSINT: (Time symmetry:) ARSIt — +1 8¢ — —t (S HAARISTAA.

2  (FGIT I 51IfS — Central Force Motion

A central force (4T Ie) satisfies two conditions:



1. Its direction always points toward (or away from) a fixed centre.

2. Its magnitude depends only on the distance r from the centre.

F=f(r)f

QeI f(r) < 0 JH (attractive); f(r) > 0 NIH (repulsive); @3
f(r).

Common functional forms (three important cases):

/0
at
I

fr)y=ar, flr)=—  [f(r)=

These correspond to the isotropic oscillator (r), logarithmic potential (1/r), and the
Kepler/Coulomb problem (1/r?).

«
r

B
r2’

2.1 &9 I &? B-Ig I — Why Central Force? The
Two-Body Problem

The two-body problem reduces as follows:

reduced

Two-body problem ———— One-body problem — Central force problem.

Central force problem — Effective potential.

The force depends only on distance (one parameter):

rT— T =T (v, a).
Y
Ay
s COM
7
1 Mo
B .

z

—

Figure 2: Two-body system. 77, 7: position vectors from origin O; ¥ = 7} —75: relative
displacement; R: centre-of-mass (COM) vector.

Newton’s second law for each body:
my i = +f(r)

ma Ty = —f(r) 7 (ii)

>
~—~
—
S~—

Illzl—'—']"(r) —JQ}’)I/I;Q
[ ® > < ) ] system




3 OJF-IF AN FATST — Reduction to a One-Body
Problem

3.1 SA&Y I — Centre-of-Mass Frame

Define: ~ ~
— mir1 + MaTs
F= T
mi + Mo

el
I

il
|

Nl

Note: é — COM, ﬁ — UCOM, é — ACOM-
Adding (i) and (ii):

-, 5 o mir + maiy - -,
myTL + mars =0 ——-=0 = R=0.
mi + Mo

So the COM moves freely (constant velocity if any initial velocity exists).
From (i) and (ii):
%1:f(r)72; 772:_f<7n)7g
mi ma

Since 77 = 71 — 75, differentiate twice:

— —

r=17"Try —To, r=mr1—"ro

Substituting:

3.2 3JNIPO 9T — Reduced Mass

YGeneral frame

Ay CGM frame (R = 0)
[} . ™y
\. °
& my Necom
o - 8 \. m2 /
Z > T i > T

Figure 3: Left: general reference frame. Right: COM frame where the COM is fixed
at the origin.

Define the reduced mass (FVFO ©F):

o mqime
H= my + MQ'
Then the equation of motion becomes:
fr)r=pr



Equation of Motion for Any Central Force

f(r)f=pr

Here r is the distance between the two objects. Taking the COM as reference frame

—

(R=0):

o mgo S o my S =
r =4+—"—7, ro = ———T, R=0|
m1+m2 m1+m2

4 @9F SIEREGIF FEFHT — Conservation of Angu-
lar Momentum

4.1 (@M IEF 63 ¥ — Torque of a Central Force is Zero
The torque about the origin:

7x F=7x f(r)

>
|
%
—~
=
N—
—~
=
X
>
S~—
I
=1}

Therefore:
Text = 0 = Ton system — 0.

4.2 [ JATHET ANS — Proof that L is Conserved

With p'= uv, the angular momentum is L=7x p. Computing:

dL ota, - s — — ~
ttl:7“><F+v><,tw:O —  Tiotal = O.
dt M~ ——
=0 _
L = conserved
4.3 SATY FIOWICE &HfIF ST — Angular Momentum in

the COM Frame
With the COM at the origin:

L:F1><m1171+77’2><m2172:u7_"><175 ,UFX?}.

4.4 L ATHET FATHA — Consequences of Conservation of L

Since L is conserved, it has:
1. Fixed magnitude.
2. Fixed direction.

3. = The motion is planar (restricted to a single plane).  [2D/]



5 (AANLSL Ja — Kepler’s Laws

Figure 4: Kepler orbit: a planet moves in an elliptical, planar orbit with the Sun at
one focus.

O & — 1st Law. The orbit is an ellipse — planar.

¥ Ja — 2nd Law. The areal velocity is constant.

2T Jad PeATS — Derivation of 2nd Law

focus 7(t)
Figure 5: Area AA swept by 7 in time At. For small At, AA ~ %|F>< U] At.

L
24

AA L
= — = const.

= Lpx = —_— =
AA = 5| x v] At At A 2

(constant because L = |L| = const.)

Summary:
v’ 1st Law (ellipse — planar) } both follow from L = conserved.

v 2nd Law (areal velocity const.)

0¥ J&@ — 3rd Law. Requires Newton’s gravitational law, F' oc 1/r? (holds for point

particles):
1
Foo| = [P xd’]

r2

For two extended bodies, replace mass m with reduced mass pu.



6 IO IFIHAY — Circular Orbit: Simplest Case

For a circular orbit of radius R:

2TR mu? 1
T = F=— Fox —.
v R R

Both L and E are conserved.

7 ATAIT BIHIE s1fSfm — Kinematics in Polar Co-
ordinates

7.1 RNT AIIR] — Coordinate Systems

Dynamics/Kinematics in 2D:

[Cartesian (x, y)]

[Coordinate systemsji:
Polar (r,0)

7.2 g 5ifSq Ty FIOAT &4 3% — Why Cartesian Fails for
Rotating Motion

For linear (Cartesian) motion: 7= zi7, and since i = const.,
0
A _ gj .A
— =1 T = Ii.
dt t

di £ (): this is not linear motion.

dt

PICST Fol: (G I TAPIS — Cartesian form (messy!)

In Cartesian coordinates 7= xi + yj, ¥ = & + ij], S0 pr = f(r)r gives:

ui=f(\/m>\/%y2, Mﬂ:f<\/m>\/%+y2-

These coupled ODEs are messy. Polar coordinates are far more natural.

But for rotating motion

7.3 A9 QFp C\ﬁ%ﬁ #8 § — Polar Unit Vectors 7 and 6

In Cartesian components:

7 =cosfi+sind ), éz—sin@i—l—cosﬂj

Magnitudes: |#| = |0] = 1, and (r,0) — (7,0) with # L 0.



0 (tangential)

~N—

Figure 6: Polar unit vectors # (radial, outward) and @ (tangential /azimuthal) at six
points on a circle. Both vectors rotate with the particle; 7 L 6. For a circle |7] = const.
but 7 # const.

PP C@'@? HI9G — Derivatives of the unit vectors

di 0 _

@~ ae "
In time (using 6 = w):

i df .

E—QQ, %——07"

7.4 AT BIHIE (@51 — Velocity in Polar Coordinates

Since 7 = r7:

dr A
r=rf+r—=1rr+1r00
dt
ﬁzrf—{—r@ézvrf—l—vté, =71, v=r0=rw
to
°

ACW

Figure 7: Velocity in circular motion. For uniform circular motion v, = 0 and v = rw
always tangent to the circle.



7.5 AT BIHIE Q99 — Acceleration in Polar Coordinates
Differentiating v = 77 + r60:
i=f= (r - r92> P+ (27*94—7”9) 4.

N J/
' '

Grad Gtan

J@IBIF S — Circular motion (|7] = const., 7 = 0, i = 0)

G=—10%F 100 = —rw? 7 +rad.

-~ >
center 7 UCM (a = 0):

Figure 8: Centripetal acceleration @. = —rw?7 (towards centre) and tangential accel-

eration d; = ra 6 in circular motion. For Uniform Circular Motion (UCM) a = 0,
= 2 A

SO 4 = —TWT.

8 (AT IR 5IfSq THFI — Equations of Motion
in Polar Coordinates

Applying f(r)7 = pa (no tangential force in a central force):

Radial component:

(7 = r6?) = £(). (R)

Tangential component:

u(zre’ + ré) —0

Multiplying by r:

. 25 24\ _ 24 _
2rrg +r0 =0 — _dt<r 9) =0 = 7r“f = const.

8.1 I SIEREIF 7 A — Angular Momentum Recovered
SN A L = u x 7 QA

L= ufxv= TfX(ff+Téé>= r20 7 x 0.
I I I A
=7

10



Figure 9: Orbital plane and its normal 7 = 7 X 0. Angular momentum L= pr20 1 is
perpendicular to the plane.

Here ) = 7 x @ is the unit normal to the orbital plane (I*FSTAI AFF FF).

. . ¢
IL| = pr?0 =( = 7“29:/7

8.2 QST sifSg I/MTAT — Radial Equation of Motion

Substitute § = ¢/(ur?) into (R):

por(s) = 1) = - = g
—ur|l — | = f(r P— = )
Radial Equation of Motion
. s
pit — e = f(r)
~—

extra (centrifugal) term

This is a 1D equation for a particle moving radially, with an effective additional
(centrifugal) force +02/(ur?).

Verification: since { = pur?0,

2 M2T492 " )
/F: e = urf” = prw® =\ prw? |,

which is the familiar centrifugal acceleration term.

Force analysis: radial — equation (R); tangential — angular momentum conserva-
tion.

11



9 *f&F 3 FFF R8I — Energy and the Effective
Potential

9.1 @YY I ST & — Potential Energy for a Central
Force

A central force is conservative (TRIHIHIA):

- - - d
F = f(r)r — conservative force, F=-VU = F,= —d—U.
r
Therefore:
dU = —F.-dr,  U(7 :—/ ﬁ.dfz—/ )i didr' = Ulr
(7) 3 : i )\:dw, (7)
9.2 (NG *IfF — Total Energy
K.E.+PE. = FE (conserved).
1
§,uv2 +U(r) = E.
In polar coordinates, v = 77 + Téé, So:
v? =72 + (rf)?
1 .
§u(f2 + 7"292) +U(r)=E.
9.3 JFIIFF @7 — Effective Potential
Substitute 6 = ¢/(ur?):
1, of LY
SHTT ST (W +U(r)=E
1, 1 pufl?
§MT +§'u2r2+ (r)=F
1 ., 7
iu’f’ +w+U(7’)—E
———
Ueff(T)
€2
U =U
(1) = U0) + 5
«ft fenfa<s s (1D radial motion) I FCK:

1 1
§/m*2 +Us(r)=E <+— §mj:2 +U(x)=E.

12



IIFF 787 (@ATF I — Force from the effective potential

d au d [ 12 2

__Ue = — 5 = —.

dr () dr dr (2ur2) Jr)+ pr3
=f(r)

dUu  ¢?

= T
a dr — pr3

i (P _ LYoo
- dr urd3)

10 &fome sifs « g [Rea @afda — Radial Mo-
tion and the Effective Potential

21 Potential energy U(r) Centrifugal barrier ¢2/(2ur?)
E >0 (unbow| —  Gravitational U(r) = —k/r
1.5¢ FE=0 (parab R eff(r) _ U(T) +£2/<2Mr2)
E < 0 (bound) 7
1 1
X575 pmwes. e P = R oy Py ey 2 s P ey
Separation r
------ &1‘;-----(‘7 : ‘ ‘L’;‘TJ\I) *I_El
—0.5 :
Unfin i’
—1 ¢ : :
T'min To T'max

Figure 10: Effective potential Uyg(r) = U(r) + ¢*/(2ur?) for a gravitational U(r) =
—k/r potential. The centrifugal barrier (yellow, ~ r~2) prevents the particle from
reaching r = 0. At F = Uy;,: circular orbit at rg. For U, < E < 0: bounded radial
motion between 7y, and rp.c. For £ > 0: unbounded orbit (parabolic/hyperbolic).

£2
2ur?’

Ueff(’l“) = U(’I") +

E,in — ro — orbit — circular orbit.

10.1 JSIBIK FFHAWS sty ry — Circular Orbit Radius 7

At the minimum of U.g:
d
—Us, = 0.
d?” ff(r) r=rq

13



For gravity, U(r) = —k/r (where k = Gmimy):

A( Ry d(BN ke e
dr\ r dr\2ur?) r2 o3 o

At rg, the tangential kinetic energy:

Loz £ L o (t tial)
— UV, = = —ur angential).

10.2 83517 399 ™ — Turning Points of Planetary Motion

The radial motion has turning points r;, and ry., where 7 = 0 (momentarily at
rest in the radial direction).

0.8 | Uest(r) —  Ue(r)
0.6 | --- Energy F
04
021 )
i 06 Separatioy =0

—0.27
—04 {

Figure 11: Turning points ry;, and ry., where 7 = 0 (the radial velocity vanishes, so
the motion is “momentarily radial at rest”).

11 IFHAWRT dFIq09n1 — Types of Orbits

11.1 *fS-%9Y 5756 — Energy-Orbit Correspondence

For E.i, < E < 0, the radial motion is bounded:
« Radial motion is confined between 7.« and rmin.
o Tangential motion is always in one direction.

At the turning points (7 = 0), angular momentum conservation gives:

U1 T'max
Lmin = Lmax =  UUITmin = PU2Tmax — — = .
V2 T'min

At rpax: 7T, vl At e 7, v (L = const.)

14



center\

apoapsis
° \

periapsis

a

T'min T'max

Figure 12: Elliptical orbit showing semi-major axis a, periapsis (rm;,) and apoapsis
(rmax)- At both turning points 7 = 0 (marked x). The primary body is at one focus
(®). Velocity arrows indicate Upmax > Umin (Kepler’s 2nd law).

Emin <E <0

E < 0: ellipses

Foin: cireular

Figure 13: Family of orbits sharing a common focus. Innermost circle at £ = E;,
(radius ro); larger ellipses for F,;, < E < 0 with increasing eccentricity as £ — 0~.

11.2 IFFIRT EN[TEr — Classification of Orbits

Energy Type Orbit shape Bound?
E=F,n Minimum Circle Bound
Eoin < E <0 Negative Ellipse Bound
E=0 Zero Parabola Marginally unbound
E>0 Positive Hyperbola Unbound

e FE < 0: bound orbit (circle or ellipse).

e FE >0: unbound orbit (E = 0: parabola; E > 0: hyperbola).

« Closed orbit: = only ellipses (£ < 0) and circles (E = FEy,;,) are closed.

MRS v I Toifsfos @RSt — Classification by initial speed v

[Circular — satellite orbit]

/R;abolic — escape Velocity]
[Initial speed v
\ Elliptical |

[ Hyperbolic ]
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