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1 ভূিমকা: কক্ষপথওসংরক্ষণ সূত্র— Introduction: Orbits
& Conservation Laws

1.1 কক্ষপেথর প্ę কার বনাম গিতর প্ę কার — Types of Orbit vs. Type
of Motion

Circular orbit

Elliptical orbit

S.H.M.

Periodic motion

Cartesian: SHM

not S.H.M.

Figure 1: Relationship between orbit type and type of motion. A circular orbit is
equivalent to S.H.M. in each Cartesian coordinate (bidirectional arrow). An elliptical
orbit gives periodic motion; S.H.M. gives periodic motion but circular motion is not
S.H.M. in the polar-radial coordinate.

1.2 প্ę িতসাময েথেক িতনিঢট সংরক্ষণ সূত্র — Three Conservation Laws
from Symmetry

কক্ষীয় শিত্তক Ś (Orbital Energy) েমৗিলক ধারণার সােথ যুত্তক Ś :

Law → Conservation ←− Symmetry.

Orbit

Linear Momentum

Angular Momentum

Energy

স্থ ান প্ę ি
তসাময

ঘূণর্ ন প্ę িতসাময

কাল প্ę িতসাময

space symmetry (x, y, z)

rotational symmetry

time symmetry (δO)

A concrete example from kinematics:

s = ut+ 1
2
at2.

সময় প্ę িতসাময: (Time symmetry:) গিতর সমীকরণ t→ +t ও t→ −t েতঅপিরবতর্ নশীল.

2 েকন্দ্ন্ Ġ ীয় বল গিত — Central Force Motion
A central force (েকন্দ্ন্ Ġ ীয় বল) satisfies two conditions:
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1. Its direction always points toward (or away from) a fixed centre.

2. Its magnitude depends only on the distance r from the centre.

F⃗ = f(r) r̂

এখােন f(r) < 0 মােন �������� (attractive); f(r) > 0 মােন ��������� (repulsive); এবং |F⃗ | =
f(r).
Common functional forms (three important cases):

f(r) = αr, f(r) =
α

r
, f(r) =

β

r2
.

These correspond to the isotropic oscillator (r), logarithmic potential (1/r), and the
Kepler/Coulomb problem (1/r2).

2.1 েকন্দ্ন্ Ġ ীয় বল েকন? িদ্ī -বস্তু সমসযা — Why Central Force? The
Two-Body Problem

The two-body problem reduces as follows:

Two-body problem reduced−−−−→ One-body problem → Central force problem.

Central force problem → Effective potential.
The force depends only on distance (one parameter):

x→ ẋ→ ẍ (v, a).

x

y

z

m1

m2

COM

r⃗1

r⃗2

r⃗

R⃗

O

Figure 2: Two-body system. r⃗1, r⃗2: position vectors from origin O; r⃗ = r⃗1− r⃗2: relative
displacement; R⃗: centre-of-mass (COM) vector.

Newton’s second law for each body:

m1
¨⃗r1 = +f(r) r̂ (i)

m2
¨⃗r2 = −f(r) r̂ (ii)

m1 m2+f(r) −f(r)
system
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3 এক-বস্তু সমসযায় রূপান্ত র— Reduction to a One-Body
Problem

3.1 ভরেকন্দ্ন্ Ġ কাঠােমা — Centre-of-Mass Frame
Define:

R⃗ =
m1r⃗1 +m2r⃗2
m1 +m2

, r⃗ = r⃗1 − r⃗2.

Note: R⃗→ COM, ˙⃗
R→ vCOM, ¨⃗

R→ aCOM.
Adding (i) and (ii):

m1
¨⃗r1 +m2

¨⃗r2 = 0⃗ =⇒ m1
¨⃗r1 +m2

¨⃗r2
m1 +m2

= 0⃗ =⇒ ¨⃗
R = 0.

So the COM moves freely (constant velocity if any initial velocity exists).
From (i) and (ii):

¨⃗r1 =
f(r)

m1

r̂, ¨⃗r2 = −
f(r)

m2

r̂.

Since r⃗ = r⃗1 − r⃗2, differentiate twice:

¨⃗r = ¨⃗r1 − ¨⃗r2, ¨⃗r = ¨⃗r1 − ¨⃗r2 .

Substituting:

¨⃗r1 − ¨⃗r2 =

(
1

m1

+
1

m2

)
f(r)r̂ =

m1 +m2

m1m2

f(r)r̂ = ¨⃗r.

3.2 হ্Ğ াসকৃত ভর — Reduced Mass

x

y
m1

m2
r⃗1

r⃗2

r⃗

General frame

x′

y′

COM

m1

m2

COM frame (R⃗ = 0)

Figure 3: Left: general reference frame. Right: COM frame where the COM is fixed
at the origin.

Define the reduced mass (হ্Ğ াসকৃত ভর):

µ =
m1m2

m1 +m2

.

Then the equation of motion becomes:

f(r) r̂ = µ ¨⃗r.
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Equation of Motion for Any Central Force

f(r) r̂ = µ ¨⃗r

Here r is the distance between the two objects. Taking the COM as reference frame
(R⃗ = 0):

r⃗1 = +
m2

m1 +m2

r⃗, r⃗2 = −
m1

m1 +m2

r⃗, R⃗ = 0 .

4 েকৗিণক ভরেবেগর সংরক্ষণ — Conservation of Angu-
lar Momentum

4.1 েকন্দ্ন্ Ġ ীয় বেলর টকর্ শূনয — Torque of a Central Force is Zero
The torque about the origin:

r⃗ × F⃗ = r⃗ × f(r)r̂ = f(r) (r⃗ × r̂)︸ ︷︷ ︸
= 0⃗

= 0⃗.

Therefore:
τext = 0 =⇒ τon system = 0.

4.2 L⃗ সংরক্ষেণর প্ę মাণ — Proof that L⃗ is Conserved
With p⃗ = µv⃗, the angular momentum is L⃗ = r⃗ × p⃗. Computing:

dLtotal

dt
= r⃗ × F⃗︸ ︷︷ ︸

= 0⃗

+ v⃗ × µv⃗︸ ︷︷ ︸
= 0⃗

= 0⃗ =⇒ τtotal = 0.

L⃗ = conserved

4.3 ভরেকন্দ্ন্ Ġ কাঠােমােত েকৗিণক ভরেবগ — Angular Momentum in
the COM Frame

With the COM at the origin:

L⃗ = r⃗1 ×m1v⃗1 + r⃗2 ×m2v⃗2 = µ r⃗ × v⃗ ≡ µ r⃗ × v⃗ .

4.4 L⃗ সংরক্ষেণর ফলাফল — Consequences of Conservation of L⃗

Since L⃗ is conserved, it has:

1. Fixed magnitude.

2. Fixed direction.

3. =⇒ The motion is planar (restricted to a single plane). [2D!]
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5 েকপলােরর সূত্র — Kepler’s Laws

Sun (focus)

planet

2a

v⃗

Figure 4: Kepler orbit: a planet moves in an elliptical, planar orbit with the Sun at
one focus.

১ম সূত্র — 1st Law. The orbit is an ellipse → planar.

২য় সূত্র — 2nd Law. The areal velocity is constant.

২য় সূেত্রর বুযৎপিত্ত — Derivation of 2nd Law

focus
t

t+∆t

r⃗(t)

v⃗∆t∆A

Figure 5: Area ∆A swept by r⃗ in time ∆t. For small ∆t, ∆A ≈ 1
2
|r⃗ × v⃗|∆t.

∆A = 1
2
|r⃗ × v⃗|∆t =

|L⃗|
2µ

∆t =⇒ ∆A

∆t
=

L

2µ
= const.

(constant because L = |L⃗| = const.)
Summary:

✓ 1st Law (ellipse → planar)
}

both follow from L⃗ = conserved.

✓ 2nd Law (areal velocity const.)

৩য় সূত্র — 3rd Law. Requires Newton’s gravitational law, F ∝ 1/r2 (holds for point
particles):

F ∝ 1

r2
=⇒ T 2 ∝ a3 .

For two extended bodies, replace mass m with reduced mass µ.
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6 বৃত্তাকার কক্ষপথ — Circular Orbit: Simplest Case
For a circular orbit of radius R:

T =
2πR

v
, F =

mv2

R
, F ∝ 1

R2
.

Both L⃗ and E are conserved.

7 েপালার স্থ ানােঙ্ক গিতিবদযা — Kinematics in Polar Co-
ordinates

7.1 স্থ ানাঙ্ক বযবস্থ া — Coordinate Systems
Dynamics/Kinematics in 2D:

Coordinate systems
Cartesian (x, y)

Polar (r, θ)

7.2 ঘূণর্ ন গিতর জনয কােতর্ সীয় েকন বযথর্ — Why Cartesian Fails for
Rotating Motion

For linear (Cartesian) motion: r⃗ = xı̂, and since ı̂ = const.,

dr⃗

dt
= ẋı̂+

�
�
���
0

dı̂

dt
x = ẋı̂.

But for rotating motion, dr̂
dt
̸= 0: this is not linear motion.

কােতর্ সীয় রূপ: েকন্দ্ন্ Ġ ীয় বেলর সমীকরণ — Cartesian form (messy!)

In Cartesian coordinates r⃗ = xı̂+ yȷ̂, ¨⃗r = ẍı̂+ ÿȷ̂, so µ¨⃗r = f(r)r̂ gives:

µẍ = f
(√

x2 + y2
) x√

x2 + y2
, µÿ = f

(√
x2 + y2

) y√
x2 + y2

.

These coupled ODEs are messy. Polar coordinates are far more natural.

7.3 েপালার একক েভক্টট র r̂ ও θ̂ — Polar Unit Vectors r̂ and θ̂

In Cartesian components:

r̂ = cos θ ı̂+ sin θ ȷ̂, θ̂ = − sin θ ı̂+ cos θ ȷ̂.

Magnitudes: |r̂| = |θ̂| = 1, and (r, θ)→ (r̂, θ̂) with r̂ ⊥ θ̂.
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r̂ (radial)

θ̂ (tangential)

Figure 6: Polar unit vectors r̂ (radial, outward) and θ̂ (tangential/azimuthal) at six
points on a circle. Both vectors rotate with the particle; r̂ ⊥ θ̂. For a circle |r⃗| = const.
but r̂ ̸= const.

একক েভক্টট েরর অন্ত রজ — Derivatives of the unit vectors

dr̂

dθ
= θ̂,

dθ̂

dθ
= −r̂.

In time (using θ̇ ≡ ω):
dr̂

dt
= θ̇ θ̂,

dθ̂

dt
= −θ̇ r̂.

7.4 েপালার স্থ ানােঙ্ক েবগ — Velocity in Polar Coordinates
Since r⃗ = rr̂:

˙⃗r = ṙr̂ + r
dr̂

dt
= ṙr̂ + rθ̇ θ̂.

v⃗ = ṙ r̂ + rθ̇ θ̂ = vr r̂ + vt θ̂, vr = ṙ, vt = rθ̇ = rω.

t1

t2

v⃗ = rω θ̂

ACW

UCM: vr = 0,
v⃗ = rω θ̂

Figure 7: Velocity in circular motion. For uniform circular motion vr = 0 and v⃗ = rω θ̂
always tangent to the circle.
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7.5 েপালার স্থ ানােঙ্ক ত্ĩ রণ — Acceleration in Polar Coordinates
Differentiating v⃗ = ṙr̂ + rθ̇θ̂:

a⃗ = ¨⃗r =
(
r̈ − rθ̇2

)
︸ ︷︷ ︸

arad

r̂ +
(
2ṙθ̇ + rθ̈

)
︸ ︷︷ ︸

atan

θ̂.

বৃত্তাকার গিত — Circular motion (|r⃗| = const., ṙ = 0, r̈ = 0)

a⃗ = −rθ̇2 r̂ + rθ̈ θ̂ = −rω2 r̂ + rα θ̂.

r⃗center
a⃗c = −rω2r̂

a⃗t = rα θ̂

UCM (α = 0):
a⃗ = −rω2r̂

Figure 8: Centripetal acceleration a⃗c = −rω2r̂ (towards centre) and tangential accel-
eration a⃗t = rα θ̂ in circular motion. For Uniform Circular Motion (UCM) α = 0,
so a⃗ = −rω2r̂.

8 েপালার স্থ ানােঙ্ক গিতর সমীকরণ — Equations of Motion
in Polar Coordinates

Applying f(r)r̂ = µa⃗ (no tangential force in a central force):

Radial component:
µ
(
r̈ − rθ̇2

)
= f(r). (R)

Tangential component:

µ
(
2ṙθ̇ + rθ̈

)
= 0

Multiplying by r:

2rṙθ̇ + r2θ̈ = 0 =⇒ d

dt

(
r2θ̇

)
= 0 =⇒ r2θ̇ = const.

8.1 েকৗিণকভরেবেগর পুনঃপ্ę ািপ্ত — Angular Momentum Recovered
আমরা েদিখ L⃗ = µr⃗ × v⃗ েথেক:

L⃗ = µr⃗ × v⃗ = µrr̂ ×
(
ṙr̂ + rθ̇θ̂

)
= µr2θ̇ r̂ × θ̂︸ ︷︷ ︸

= η̂

.
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focus

η̂ = r̂ × θ̂

L⃗ ∥ η̂

planet
r̂

θ̂

Figure 9: Orbital plane and its normal η̂ = r̂ × θ̂. Angular momentum L⃗ = µr2θ̇ η̂ is
perpendicular to the plane.

Here η̂ = r̂ × θ̂ is the unit normal to the orbital plane (কক্ষতেলর একক লম্ī Ś ).

|L⃗| = µr2θ̇ = ℓ =⇒ r2θ̇ =
ℓ

µ
, θ̇ =

ℓ

µr2
.

8.2 েরিডয়াল গিতর সমীকরণ — Radial Equation of Motion
Substitute θ̇ = ℓ/(µr2) into (R):

µr̈ − µr

(
ℓ

µr2

)2

= f(r) =⇒ µr̈ − µℓ2

µ2r3
= f(r).

Radial Equation of Motion

µr̈ − ℓ2

µr3︸︷︷︸
extra (centrifugal) term

= f(r)

This is a 1D equation for a particle moving radially, with an effective additional
(centrifugal) force +ℓ2/(µr3).
Verification: since ℓ = µr2θ̇,

ℓ2

µr3
=

µ2r4θ̇2

µr3
= µrθ̇2 = µrω2 = µrω2 ,

which is the familiar centrifugal acceleration term.

Force analysis: radial → equation (R); tangential → angular momentum conserva-
tion.

11



9 শিত্তক Ś ও কাযর্কর িবভব — Energy and the Effective
Potential

9.1 েকন্দ্ন্ Ġ ীয় বেলর িবভব শিত্তক Ś — Potential Energy for a Central
Force

A central force is conservative (সংরক্ষণশীল):

F⃗ = f(r)r̂ → conservative force, F⃗ = −∇U =⇒ F⃗c = −
dU

dr
.

Therefore:

dU = −F⃗c · dr⃗, U(r⃗) = −
∫ r⃗

r⃗0

F⃗ · dr⃗ = −
∫ r

r0

f(r′) r̂ · dr⃗︸ ︷︷ ︸
= dr′

dr′ = U(r).

9.2 েমাট শিত্তক Ś — Total Energy
K.E. + P.E. = E (conserved).

1

2
µv2 + U(r) = E.

In polar coordinates, v⃗ = ṙr̂ + rθ̇θ̂, so:

v2 = ṙ2 + (rθ̇)2

1

2
µ
(
ṙ2 + r2θ̇2

)
+ U(r) = E.

9.3 কাযর্কর িবভব — Effective Potential
Substitute θ̇ = ℓ/(µr2):

1

2
µṙ2 +

1

2
µr2

(
ℓ

µr2

)2

+ U(r) = E

1

2
µṙ2 +

1

2
· µ ℓ2

µ2r2
+ U(r) = E.

1

2
µṙ2 +

ℓ2

2µr2
+ U(r)︸ ︷︷ ︸

Ueff(r)

= E

Ueff(r) = U(r) +
ℓ2

2µr2

এিঢট িদ্ī মািত্রক সমসযােক ��������� ������� ��� (1D radial motion) হ্Ğ াস কের:

1

2
µṙ2 + Ueff(r) = E ←→ 1

2
mẋ2 + U(x) = E.
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কাযর্কর িবভব েথেক বল — Force from the effective potential

− d

dr
Ueff(r) = −

dU

dr︸ ︷︷ ︸
= f(r)

− d

dr

(
ℓ2

2µr2

)
= f(r) +

ℓ2

µr3
.

µr̈ = −dU

dr
+

ℓ2

µr3
.

µṙr̈ +

(
dU

dr
− ℓ2

µr3

)
ṙ = 0

10 েরিডয়াল গিতওকাযর্কর িবভেবর েলখিচত্র— Radial Mo-
tion and the Effective Potential

1 2 3 4 5

−1

−0.5

0.5

1

1.5

2

ℓ2

2µr2
∼ r−2

U(r) ∼ −r−1

E > 0 (unbound)
E = 0 (parabolic)
E < 0 (bound)

r0rmin rmax

E1

Umin rmin ≤ r ≤ rmax

Separation r

Potential energy U(r) Centrifugal barrier ℓ2/(2µr2)

Gravitational U(r) = −k/r
Ueff(r) = U(r) + ℓ2/(2µr2)

Figure 10: Effective potential Ueff(r) = U(r) + ℓ2/(2µr2) for a gravitational U(r) =
−k/r potential. The centrifugal barrier (yellow, ∼ r−2) prevents the particle from
reaching r = 0. At E = Umin: circular orbit at r0. For Umin < E < 0: bounded radial
motion between rmin and rmax. For E ≥ 0: unbounded orbit (parabolic/hyperbolic).

Ueff(r) = U(r) +
ℓ2

2µr2
.

Emin → r0 → orbit → circular orbit.

10.1 বৃত্তাকার কক্ষপেথর বযাসাধর্ r0 — Circular Orbit Radius r0

At the minimum of Ueff:
d

dr
Ueff(r)

∣∣∣
r=r0

= 0.
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For gravity, U(r) = −k/r (where k = Gm1m2):

d

dr

(
−k

r

)
+

d

dr

(
ℓ2

2µr2

)
= 0 =⇒ k

r2
− ℓ2

µr3
= 0 =⇒ k =

ℓ2

µr
.

r0 =
ℓ2

µk

At r0, the tangential kinetic energy:

1

2
µv20 =

ℓ2

2µr2
=

1

2
µr2θ̇2 (tangential).

10.2 গ্ě হগিতর বতর্ ন িবন্দন্ ু — Turning Points of Planetary Motion
The radial motion has turning points rmin and rmax where ṙ = 0 (momentarily at
rest in the radial direction).

1 2 3 4 5

−0.4
−0.2

0.2

0.4

0.6

0.8

rmin rmax

Er0

ṙ = 0 ṙ = 0

bounded region

Separation r

Ueff(r) Ueff(r)
Energy E

Figure 11: Turning points rmin and rmax where ṙ = 0 (the radial velocity vanishes, so
the motion is “momentarily radial at rest”).

11 কক্ষপেথর প্ę কারেভদ — Types of Orbits
11.1 শিত্তক Ś -কক্ষপথ সঙ্গিত — Energy-Orbit Correspondence
For Emin < E < 0, the radial motion is bounded:

• Radial motion is confined between rmax and rmin.

• Tangential motion is always in one direction.

At the turning points (ṙ = 0), angular momentum conservation gives:

Lmin = Lmax =⇒ µv1rmin = µv2rmax =⇒ v1
v2

=
rmax

rmin
.

At rmax: r↑, v↓. At rmin: r↓, v↑. (L = const.)
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focus center a

rmin rmax

periapsis apoapsis

v⃗max

v⃗min

Figure 12: Elliptical orbit showing semi-major axis a, periapsis (rmin) and apoapsis
(rmax). At both turning points ṙ = 0 (marked ×). The primary body is at one focus
(⊕). Velocity arrows indicate v⃗max > v⃗min (Kepler’s 2nd law).

Emin: circular
common focus

E < 0: ellipses

Emin < E < 0

increasing E

Figure 13: Family of orbits sharing a common focus. Innermost circle at E = Emin
(radius r0); larger ellipses for Emin < E < 0 with increasing eccentricity as E → 0−.

11.2 কক্ষপেথর েশ্ę ণীিবভাগ — Classification of Orbits
Energy Type Orbit shape Bound?
E = Emin Minimum Circle Bound

Emin < E < 0 Negative Ellipse Bound
E = 0 Zero Parabola Marginally unbound
E > 0 Positive Hyperbola Unbound

• E < 0: bound orbit (circle or ellipse).

• E ≥ 0: unbound orbit (E = 0: parabola; E > 0: hyperbola).

• Closed orbit: ⇒ only ellipses (E < 0) and circles (E = Emin) are closed.

আিদেবগ v দ্ī ারা জযািমিতক েশ্ę ণীিবভাগ — Classification by initial speed v

Initial speed v

Circular → satellite orbit

Parabolic → escape velocity

Elliptical

Hyperbolic
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