Problem Set

Problem 1: A Divisibility Condition

Problem 1. Find all positive integers n such that n + 3 divides n* + 1.
G A AR R, [ F7, ;TS 1+ 3 AT 12 + 1 O I

Answer
Answer: n=2and n=171.
Solution: We have
n*+1=(n+3)(n—3)+10.

Therefore n + 3 | n? + 1 if and only if n + 3 | 10. Since n is positive, n + 3 > 4, so the only
possible divisors of 10 in this range are 5 and 10. Hence n + 3 =5 or n + 3 = 10, giving
n=2orn="7 Bothwork: 5|5and 10 |50. W



Problem 2: A Recurrence to Sum

Problem 2. Let ay =1 and a,y 1 = 3a,+2 for alln > 1. Find the sum a; + as + - - - + ag026-
qfF ap = 1, G TP 0 > 1-9F W aypq = 3an + 21 Q4T ay + ag + - - - + aggeq QT 67

*d
Answer
Answer: 32026 — 2027.
Solution: Adding 1 to both sides of the recurrence,
an1 +1=3(a, +1).
Hence the sequence a,, + 1 is geometric with first term a; + 1 = 2 and ratio 3:
an+1=2-3""1 o  a,=2-3""1—-1.

Summing from n = 1 to 2026,

2026 2026 32026 _
Zan =2 23"*1 2026 =22~ 2026 =322 _1_92026=32% _9027. W
n=1 n=1 3 B 1



Problem 3: Avoiding Distance Two

Problem 3. Find the number of nonempty subsets of {1,2,...,20} that contain no two
integers differing by 2.
{1,2,...,20}-99 O O TAGIGA A A 7, S G qf6 2jelieyt (72 qms ALy 21

Answer
Answer: 20735.

Solution: Let F},, denote the number of subsets of a path on m vertices that contain no
two adjacent vertices, counting the empty set. A path on m vertices has
F,=F,_ 1+ F,_o with F; =2, F5, = 3, so F,, is a Fibonacci-type number; explicitly F;,
counts independent sets.

Now connect two numbers in {1,...,20} if they differ by 2. This graph splits into two
disjoint paths: the odd numbers 1,3,5,...,19 and the even numbers 2,4, 6, ..., 20, each
with 10 vertices. A subset is allowed precisely when it is independent in both paths, so the
number of allowed subsets, counting the empty set, is

Fig - Fip.

Since F1 =2, Fy = 3,F3 =5,..., we have I = 144. Hence the total number of allowed
subsets, including the empty set, is 144% = 20736, and the number of nonempty ones is

20736 —1=|20735]. W



Problem 4: Twin Primes by Twos

Problem 4. Find all primes p such that both p*> + 2 and p® + 4 are prime.
N T GiferE AL p [ 9, TS p2 4 2 @32 p? + 4 TEFZ G 27

Answer
Answer: p = 3.

Solution: For p = 3 we get p*> +2 = 11 and p? + 4 = 13, both prime. We show this is the
only possibility.
If p =2, then p? + 2 = 6 and p? + 4 = 8§ are not prime. Suppose now p is an odd prime.
Modulo 3, the only nonzero square is 1, so p> =1 (mod 3) and therefore

pPP+2=0 (mod 3).

For p > 5 the number p? + 2 > 3 is divisible by 3 and is composite. Hence no p > 5 works,

and the only solution is . [ |



Problem 5: A Recurrence for Functions
Problem 5. Find all functions f : N — N such that
f(n)+ f(n+1)=2n+3
for every positive integer n.
QI AT T f 2 N — N it 57, qee 2B gara 51590 n-qa & f(n)+ f(n+1) = 2n+3
X
Answer
Answer: Exactly the functions
f(n) =n+c for odd n, f(n) =n+2—c for even n,
where ¢ € {0,1,2,3}.
Solution: Writing the given identity for n and for n 4+ 1 and subtracting,
f(n+2)— f(n)=2.
Hence f(n) — n depends only on the parity of n. So there are integers ¢,, ¢, with
f(n) =n+c, (n odd), f(n) =n+c. (n even).

Substituting into f(n) + f(n + 1) = 2n + 3 (either for n odd or n even) gives ¢, + ¢, = 2.
Since f takes positive values,

) =14¢>1 = ¢>0, f2)=2+c>1 = c>—1

With ¢, + ¢, = 2 this yields ¢, € {0, 1,2, 3}, and ¢, = 2 — ¢,. Setting ¢ = ¢, gives exactly
the four displayed functions, each of which is readily checked to satisfy the equation. W



Problem 6: Points on a Circle Modulo p

Problem 6. Let p be an odd prime. Determine the number of ordered pairs (x,y) with
x,y € {0,1,...,p— 1} such that

?+y*=1 (mod p).
47 p @ Reare Gifers A1 2,y € {0,1,...,p — 1} 9N AT (2, y)-4F 7R [T 77,
TS 22 + 9% =1 (mod p) W1
Answer
Answer: p—1if p=1 (mod 4), and p+ 1 if p =3 (mod 4).

Solution: Let x denote the Legendre symbol modulo p, with x(0) = 0. For a fixed x, the
congruence y? = 1 — 2 (mod p) has exactly 1 + x(1 — z?) solutions in y. Hence the total
number N of pairs is

N=> (1+x(1—2%) =p+>_ x(1—a?.

z€F,

Now x(1 — 2?) = x(—1) x(2* — 1), so

N =p+x(=1) Y x(a 1),

We compute Y x(22 — 1). The equation y* = 2% — 1 is equivalent to (z — y)(z +y) = —1.
For each of the p — 1 values of z —y € F;, the value of z +y is determined uniquely, so this
equation has exactly p — 1 solutions. On the other hand, for each z it has 1+ x(2? — 1)
solutions in y. Thus

p—1=> (1+x"=1))=p+ Y x@*—1),

xT

so > x(z* — 1) = —1. Therefore
N=p-x(-1)=p—(-1)¥ V2

iee N=p—1forp=1 (mod4) and N=p+1forp=3 (mod4). MW



Problem 7: Monochromatic Triangles

Problem 7. Every edge of the complete graph Kg is colored either red or blue. Prove that
there are at least two monochromatic triangles.

oyl Al -0 2lfsfB 417 27 «is TRcel S Fe IR @02 | AN T4 (@, ww© g6 9l fage
e |

Solution

Let r; and b; denote the numbers of red and blue edges meeting at vertex ¢, so that
r; + b; = 5. Count the monochromatic angles, i.e. pairs of edges of the same color sharing a
vertex. At vertex ¢ the number of such pairs is

T bl
+ .
On the other hand, a monochromatic triangle contains three monochromatic angles, while
a triangle that is not monochromatic (which must have exactly two edges of one color and

one of the other) contains exactly one. Since Kg has (g) = 20 triangles, if ¢ denotes the
number of monochromatic triangles, then

3t + (20 — 1) :i(@) + (g))

For each vertex, since r; + b; = 5, the quantity (7"2’) + (1)2’) is at least 4 (attained at
{r:,b;} = {2,3}). Hence the right side is at least 6 - 4 = 24, and

2t+20>24 = t>2

So every such coloring contains at least two monochromatic triangles. W



Problem 8: A Weighted Sum of Fractions

Problem 8. Let a,b, c be positive real numbers with abc = 1. Prove that

+ + > 3.
a+b b+c c+a

44 a, b, c OV (AT AV FA! TS abe = 11 AN T4 @,

a’® + b? 62+62+c2+a2

> 3.
a+b + b+c c+a

Solution
For any positive z, y, the inequality 2(z? + y*) > (z + y)? gives

x2+y2>:v—|—y
r+y — 2

Applying this to each summand,

a2+b2+b2+02+02—1—a2 S (a+b)+(b+c)+(c+a)

= b )
a+b b+c c+a 2 a+btc

Finally, by AM-GM, a + b+ ¢ > 3v/abc = 3. Combining the two inequalities gives the
result. Equality holdsata=b=c=1. N



Problem 9: Parallel Feet

Problem 9. Let ABC' be an acute triangle. Let D and E be the feet of the altitudes from
B and C, respectively. Prove that the line DE is parallel to BC' if and only if AB = AC.

g ABC @3 PR fage ) D ¢ F @ B ¢ C (AP Bl #1e7a #miaq 1 e 39 @,
DE @21 BC-49 @ 2 AW G2 (F91 T AB = AC =1

Solution

Let 8 = ZABC and v = ZACB. Since /BDC = ZBEC = 90°, the four points B,C, D, E
are concyclic (on the circle with diameter BC).
By the inscribed-angle theorem applied to this circle,

/BDE = /BCE.
Because CE 1 AB, the angle between CE and CB is 90° — 3, so ZBCE = 90° — 3. Hence
/BDE =90° — . (1)

On the other hand, the angle between DB and BC is 90° — ~, since DB | AC. Using
directed angles modulo 180°, we have

DE | BC <= /BDE = /(DB,BC) = 90° — 1.
Combined with (1), this holds exactly when
90° - =90°—v <= [f=~v < AB = AC,

the last equivalence holding because equal angles are opposite equal sides. W



Problem 10: Subsets with Sum Divisible by p

Problem 10. Let p be an odd prime. Find the number of nonempty subsets of {1,2,...,p—1}
whose elements add up to a multiple of p.

e p 936 Reare Ghfers A1 {1,2,...,p — 1}-99 AN = TAGIET A2 e w41, Tma
TAMISTAR @I -9 &fos |

Answer
or—1_ 1
o

Answer:

Solution: Let ¢ be a primitive p-th root of unity. For an integer m, the sum ?;é ¢im
equals p if p | m and 0 otherwise. Hence, if N is the number of subsets of {1,...,p — 1}
(including the empty set) whose sum is divisible by p, then

plpl
SDIRET 3 (A7)
JOSC{l ..... p—1 ]0@1

For j = 0 the product is 2°~1. For j # 0, as i runs over 1,...,p — 1 so does ji modulo p,
and therefore

p—1 p—1

[Ta+¢)=][0+¢).

i=1 i=1
Since 14 x + -+ - 4+ 2771 = [[Z] (x — '), putting 2 = —1 gives
p—1

[[1-co=C22ty

and as p — 1 is even, this product equals []}_ (1 + ¢*). Thus each of the p — 1 products

with j # 0 equals 1 Consequently

2P 1+ (p—1)
P

N =

Subtracting the empty set, the required number of nonempty subsets is

2p-1 _ 1
N-1="—""| =
p

10



