<JiiC

&
Ty, N
VG 1y wispon M

T AN
7N, @I, AT @ T

TAWHID BIN OMAR

oo Let Infinity Be Your Limit oo

June 2, 2026



Josephite Math Club

vt

Introduction 2
L1 FLFO € BT L o vt e e 2
1.2 2N AR B! FAE? (RECONNAISSANCE) .+ + v v v v v e e et e e e e 2
L3 WSWTEOEE . ..o 3
Glifere Qe 4
2.1 BICRT FAIBAD B2 2 v ottt et et e e e 4
2.2 Assertion Technique. . . . . . . v v v it it ittt it et et 4
2.3 (9 9 AT @32 9?7 (The Art of Substitution) ... ........... 5
2.4 Injectivity @SR Surjectivity (Making Functions Work For You) ....... 6
2.4.1 Injectivity (Injective Forcing) . . ... ... ... ... ... .. ... 6
2.4.2  Surjectivity (Surjective Forcing) . . . . . ... ... ... ... 7
2.5 Cauchy Functional Equation . .. ..................... ... 7
Cauchy-Type Functional Equations
3.1 Taiwanese Transformation . . . .. .. . ... .. i i,
3.2 Variations (Jensen Reduction) . . . . ... .. v v i i vttt
Double Counting Techniques 9
4.1 Switching and Symmetry . . . . ... ... ... . L 10
4.2 Three Variables Method (Cyclic Substitutions) . . . . ... .......... 10
Functional Equation Toolbox (Refafow) 10
51 IBCE (I 1 972 (The Unstuck Protocol) . v v v oo oo o e e 12
ALFY 991 (Common Mistakes) 12
6.1 Pointwise Trap (Regfefem =w) . . ... ...... ... ... ... ...... 12
6.2 Fake Injectivity (9 ZNCHBMOM) . . . . v v v vt 13
6.3 Assuming Linearity without Continuity . . . . ... .............. 13
Worked Examples: 5500l STIKITAR Wi 13
AR AR (Exercises) 15
8.1 Level Ar GIoT® . . o it e e 15
8.2 Level Bi MOl | L . . o e e e e e e e e e e 15
8.3 Level C: ByitaifeR (TST/IMO Shortlist Level) . . . .. . .. oo v vt 15

Appendix A: Quick Reference Templates 16




Josephite Math Club

1 Introduction

AT #(fiTe WEAEHAR FIGE TWAF @2 QFSANA Sifoaifaal = 2 Fie=ae
FANFF | G T4 foremifa @ Ao @, 49 9N el GG dete IR—SieEE
&, MEfFT RIfgrEtarE Tofv | g 14 b FHToRE &I ¢edl, §fN St @1
foifermcare faffsier At Tiee FefBe AFCS “Ad | 58 799 G FE AT (OGN
I, @ f(z+ f(y) = f(x) +y, O WA T @ ¥ W NG SR | (FIA (AP &
FAE? I T IACE? (@ IANR?

TN ANFI NG I GF0 NIV IICSHE (00! | (SIF AN 436 qewre Jfe
() W 1 G T O foeesst Face #A@ T (7 F— IR TR (SNE @12 <t
@A 1 58 G OF #I9% Face A [few W 30w, R afsfaar mts 2, 9 JE
@ o 58 Srawa Face a1 &fs Substitution 2N @ a1 2fe wreseB ==
6 I 1 G2 (O PIE T G AFHEET G GFio 75 =< tofa vl

1.1 TS 8 (FIoHT

e R Q,Z,N: I IR, e, o G FoifF FAF @76 | R [T A GA9F A8
HLA |

o f(z) = ¢ a7 WA 20 FIXEG G0 FIP T QIR I 1 GF G2 Q9 W ¢ |
o P(z,y): aft @ =PI (Assertion) A1 3 | «ff ==l @RITT 203 @ & FJw=CA
r 932 y @7 G [ T P 2@ |

1.2 29 (AR P FAE? (Reconnaissance)

Q! FAINF QTS AANSAR 217 AT FIS 20 FoT 11 40 @y G g 1ot sregre 6@
z = 0 A el feeR #A6G e s 3@ @3 @ afesil wig o W e
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The 5-Second Diagnostic

1. T T voe? @<, 73, M o7 @ 20w em wioe, g @ e siream
BRIRNCIEE

2. (A 5o7 & PR AR VYS! WIR? IM THAH y G AT (@ L. =
zf(z) + y), O Surjectivity &T¥ F® a2 Injectivity 2d T 7RG 2 |

3, (BTNRT 2 [ : Q — Q T AT TMLCAT OF (21 f : R — R ZE ToF
QIR |

4, (I PTG OITR? 2 @32 y THEWE (swap) FICE (¢ ANFAT G52 ATH? AP
Swapping Trick & <0 |

5. W& Guess ¥ f(z) =z, f(2) = —a, f(z) = ¢ 99 @A & I T2
Vo (TCHCT (bF ICA! | Afb (OIIA Target S (AT |

@3 {55 A THe (SINITE GF @O FF | G TR (FIA (@S B8 | G2 &F T
Qe e |

1.3 FIF ofd@
TP T FANFAE TS ST A FILATHR (AT T 702 Il AFCe 2 |

HIATR G161 (Anatomy of a Function)

g€ f: A — B 36 B |

e Domain (A): GP1R N7 FI*C 276 RO (e I (AT R A Q) 1
e Codomain (B); TN AEHZBRTE (@ (BT (TG AFH I |

o Image (f(A)): T (OIGNZCTA A N I SCH2[6 RETCI (@ Neet ey
STe52 “ANeAN A | T AL, Image W Codomain IF !

e Preimage: €5 W8 SEH5E y U7 & @ 25 « PN f(z) = y T, GBS
e fel-3ewe

Injective (935-9%): IM f(a) = f(b) =, O *AlfAfeFOIT &N T IV @ ¢ = b1 Ae,
o fom BoEha oo OB aBe for 2

Surjective (Nf&F): -T2 2B T y-9F TV2 (CIZE AT WS G362
PR @ f(z) = y =1 4R, Image 93 Codomain I ¢ I |

Bijective: FI*H6 QAN Injective ¥R Surjective B OILF Bijective IC |
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QST (9 GFGT? AT QPP 2CA2 ©f (T | O@ WATCS GOpP W AL FIRHANE
TR FCEBiet W AMEHEH 2 AW FAGE T 971 @6 Fexdw AR ST
2, O AT ANFACER G (AF FIED @0 @ers wAlfl

2 Qlife gigen

2.1 TS AT 7

Jrereifeice QEl @S 5eF Al Variable (v, y, 2) @3 I @I 22 — 5z + 6 = 01 QAT
QIR o7 20T @36 e Fedy 4o (@7 7411 {58 Feset ARt Swar @&ieT Wae e
& 7, @it ffer @ T A Rule! ANE @NF A FRAT f (@ @R A GFH @S > QA
ANFINSF T o1 |

Why are they hard?

FIHA ANFA FMoT 2AF o IR CEN— A @ Ffwe epafems @121 g
513 3f6 fagre FARwad Tt e AT FH00 AR, & f(wf(y)) = yf(x) T
FAR (I AP T (721 QR (ST GFNG ©F 21 Pattern Recognition €3g
Strategic Substitution (TS T FAC) |

2.2 Assertion Technique

P! T FAFR FACTR @FFF G195 20 Assertion | @fb JoTo @RI AP 2 @I
y O @I A8 W PAE 932 G (AT ~A1eq o @FC 41 1 @rEt a6t P, y) W@
fefa

Toy Example: <Ca1 TR =M f(x +y) = f(z) + y | 9@ SN AN TN Pz, ) 1

e P(0,0) = f(0) = f£(0)+ 01 (o 78 «fb e f(0) JAWe a3 A2 )
o P(0,y) = fly) = f(0) 4y 1) @& f(y) @@ 754 ot oed ooy
T f(0) = ¢ 4, O f(y) =y + ¢

The Core Strategy: Function Hunting

SR FOIS 7% B f(z) = ... S AANFREBE F@ @01 9F &) SR @
A W AR ACS FASACT IC G W ¥ 2 IR, I O@S A f (1) (F I
(Isolate) FaTe #f3 1
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Guided Example 1

T [ R — R [ 36 @ 74 A8 1,y 9 T

flx+ 1) =fx) -y

Initial Thoughts: QYIT 2 @32 y PG T Ho1F ST | 7 FCRA, ANPACI SIFATH 3

a3l wee! @S G e F

Execution: ¥ & FNFAAG 26 P, y) | 561 o = 0 21 P(0,y) = f(f(y)) =

f(0) —y1 &8 £(0) = c1 O f(f(y)) = c—y @b G Involution Type pattern |

AN (@A y B @R AW G@W f(y) = 0?2 f(f(y) =c—y @y = ¢ DA

F(f(e) =014/ f(c) = k1 ORET f(k) =01

P(z,k) = flz+ f(k))=f(z) -k = f(z)=f(z)—k = k=01

@RE k= 0: f(0) =0, OIS ¢ = 01 O f(f(y)) = —y!

Pz, f(y) = fl@+ f(fv))=flz) - fly) = flz—y)=f(z)- [y

«fo Cauchy Type | @RI x = y B f(0) =0, ﬂTWﬁf\\?‘T’fl

Key Insight: P(0,y) @& f(y) M M@ f(f(y)) M@T=R 1 G @TF k= 0 @ I
A T PO @RI (TR |

2.3 (P9 T A @R &F9? (The Art of Substitution)

Assertion Technique-&3 AT Mo 2 "W @4 2 = 0 PAMR? ATAECESI N+ IATC!
f& foeo

I, FUCAR qreAeeE 771 @fofb substitution-9F ¢oletd GBS T A [ov
SIS T4F T T @RI GBI |
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Substitution Goals — (¥4 (FI9 W I

o MW T (v = 0 A y = 0): T T A b7 79 Fed 6! fzger w11
flz+y) AFET 2 = 0 PACET f(y) Q97T AMSAT @ACS AT |

o I A (z = y): T 2N NEHBE IR T4 A f(f () @I I T2
T quadratic 5122 W7 77, w27 @fb ®8 Fc@

o AT P! (y = —z): T e FRHAFDB Even o 0dd ©F @RI1 £(0) @7 N
@T A7 Te «ft I

e Fixed Point I I TCSINCG & f(c) = ¢ A f(c) = 0, GIB T TS|
ANFACET @0 [0 @ AifeeT 20 AE |

o TR (OO T (y — f(y)): IW Surjectivity &N JA ATH, y GF TR
f(y) B £(f(y)) W11 aft M@ Involution &= 27 |

o B (z — f(x)): TNV " @F % @i T Meql | THBER TPHR
afb @R Cauchy-type TN (@ FCH M |

The Mental Model: Think Backwards

GG GO SN FPTI (Rd (AF O | @ e fowe s iy Fi
¢ot® 127" AW T =W f(f(z)) = 2 AN T, OF OI@: ANPAA G f(f(x))
AP IS WIR? (@ W e aweiest f( () tofd 7@ @3 Srnl ereraR
Substitution Engineering-a3 SO 257 | TG4 (AF (AR 2B, O AN (AT
CTCAT

2.4 Injectivity @R Surjectivity (Making Functions Work For You)
93 7o qEel SEfRITEd TR * e TESER T T e |

2.4.1 Injectivity (Injective Forcing)

Why do we care about Injectivity?

QA QW (T f(A) = f(B)1 99, A = B =Xt *IF161 % @ga Seel 737 3w FieAafs
Injective 2, S B €3 Jed MR FACS 2ITH 1 (SINH IS 2 TN FAIG
341, 158 SIF el (SN 2 FHCS 7 FIXEG Injective!

How to prove Injectivity: (603 IOIIG *&fs 2catl: "4 f(a) = f(b) 1 94 &N FACS
TE @ q=b1" 90 FNFAC T G €3 GRAF AT TOTS 2R, S@ VIS IS FAE!

Toy Example: &% «&f6 7Rwae @Itz f(x+ f(y)) = f(z) 4y 1 &0 T @b Injective
9, f(a) = f(b) | SNWR BB 2@ ¢ = b &= FA | 5 ATTOIF A PR (@ A 93
fla) = f(b) TS A FACS A1 P(2,0) = f(z+f(a)) = f(z)+a P(z,b) = fla+
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f(0) = f(z)+b @®Y f(a) = f(b), B x+ f(a) 92 z+ f(b) A 932 &l SR
FAFAET AATISTA FAF! SR CIFAGTEANS T 2CA: f(2) +a = f(a)+b = a=bl
! e f 3NEEe |

Heuristic: The Isolated Variable Method

W (HIE TR ANFACT GFA G0 5o1F FIHTTR A2CA 770 T (Isolated)
TR AE (@ f(z,y) =---+y A f(z,y) = — ¢ y), O TIXE0G T==h2 12
BEICHA IMCTF Injective UR Surjective B! Afb (MR AAIZ BFCRIBIO0 AR (53T
PAE

2.4.2 Surjectivity (Surjective Forcing)

Surjectivity e FCT COINE A I T (I (FI-CTICALCAL O FCPICA W) Lo T Tl
Itz |

Surjectivity &N FAIT d@ie: AW YN (@I 558CE G (isolate) FACS A, O QW
Surjectivity &Y FACS AR | SURATFRA SoCIR AN@IB2 O® F@: f(z + f(y)) =
(o) +y 1 B A @A 2 =0 e f(f(y) = f(0) +y = y=[(f(y) — f(0)1 oA,
FNFACIR BT FIRHAH MCH7BoT M y o @Rl YW y-9F @ T2 bie 7 4,
TIFTRE QeI ©f ifea e 7% 1| ok FHAFD Surjective |

FARACSBIO0A 24 ARL 20 @ARY FIHAL A A (o7 Faco AICH, @wat [y s
A "4 9T @ 2 @R @F f(2) = 01" (Zero Hunting) !

2.5 Cauchy Functional Equation
YIS T ANFACR FITAR TR @i FNeelB 2cet I (Cauchy) FTIwHe:

fle+y) = flx)+ f(y)

GfS AT TS W FAS @7 characteristics oK |

Cauchy over different setups

S.ZAQERTAT IM f: Q - QW GR f(z+y) = f(z)+ f(y) ], ©@ f(z) = cx
(@R ¢ = f(1))1 af6 &g T @2 TS f(2 + 2 + 2) = 3f(z) GOT TS
BT 41 I

3. R @ Toi7: T FiEH R (A R @ We@IR® 27, OR@ & f(2) = ez 23?2 M

The Pathological Monsters

RG] A (T F* ANSACTT AN SRR FANL SR @A f () = cor WICHAA 7!
QS OB TUWF N0l AHAS FCH (pathological solutions) | GTM< &TF G© 99 o
I R 437 FIR2 916 [ 2T @I T I 7 fom)
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@ FEAPAICE QN YRS (@A (linear) TNHeE2 S 1 @FH T “meE-
fae (AT SBFICS GR f(2) = cx TS A WA @R G0 *1 Sfeieey AFe
A

1. f(z) @36 g e a1 @i st (Interval) IFBAEIN (Continuous) |
2. f(z) @A (Monotonically) I 31 ZT 71
3. f(x) I @36 THHOIE A8@C (Bounded) (IR ST #11F (W 1) |
4. f(z) >0 @ @I faMe o 402 =) 99 2 > 01
M @F @ G0 @S A, O YW e fraes #Aiar f(z) = e

3 Cauchy-Type Functional Equations

WG FAERA TSR FICAL (SN A f (2 + y) = f(x) + fy) A& 71 o
at fafen I07 AfGR (Disguise) (ST G QAR | (SIF IS 2 €3 (AT RIS |

3.1 Taiwanese Transformation

Why do standard substitutions fail?

P A AAFAC G AN A AP QN FICASIEE 7 A &3P IS M

1 RO @ 799 TR (OO0 AFI0 T G2 F2CEF b WiEe AP, @9

fx+ f(y) A flaf(z) +y) O TR 2 = 0 Nq PACE PG <7 =Y 911 G2 4l
@y FRF TH2 W SgFal [ Holre!

Taiwanese Transformation 2C @36 J~ifafoe REf6s | 73 TRFACR (T f(y) A=
@3 QY BTy FIabe Scaiafe Al AAsset awed Far, ©49 9N ¢ @7 SRR 9B
O @I AT ATl
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Guided Example 2 (The Origin of the Transformation)

A (O FE GO ARSI SC:

fl@=fy) = f(f(2) =2+ f(y)

f: R — R @32 @it ACe3e 8 qCEse (Y OB G2 & FER 0 40 TS) |
What Should We Try? ==l 51 (St T H FACO | 1 — f(y) W0! Rafepa |
@ARY [ ARCEFS, O3 AR B TR -7 & AN {6 3y WR @ f(y) = 2 |
Q2 O A G BEle Sl S A ANPA f(y) 99 SRAR & [ A
TG z — f(y) & AR @ @22

The Transformation: (XY TG AAE(FS, G @F6 ¢ =R IR & f(y) = = TA!
(4 T 78, G 1 G &I RO P& FACR) | SI=C Pz, y) @A f(y) =
IR OR: f(z—x) = f(f(2))—z+z = f(0) = f(f(z)) g TG ENCe(Fe,
f0) = f(f(z)) = f(z) =0 w2 58 «ft & T e 0@ 11 @F W\
(G (FIE 26 SR (SIAGAL: G2 SADBH e F99) |

Let's Try Again (The Real Taiwanese Step): & ¢l f(f(z)) 936 *m =it | @&t 7
FANFBTE ARF (Linear) &N FICS 512, QNWS f(z4y) @F el ey oI | <=1
W o P o — (o) PR P(f(2),y) = f(f(2) - fy) = F(f(f(2)) —
f(@) 4 f(y) @2 FASASTA ANFACR (ToCd PG Cofd IR A 2t FIoAM I
ARG P |

3.2 Variations (Jensen Reduction)
aiESis Sfefafoe = 2@ (@ Eaa ANFad (Jensen's Equation):

; (x;y) GEN0

@ FAJFAelBre M AP FAET P Y RS | Reduction: 4 g(x) = f(z) — f(0) 1
(93 PorpfBe Mﬁﬁmmcﬁz%meuaﬁwwﬁw)rmg()_0|W
qug]qwqmq g($+y)+f() +9( +2f0) g(:v+y) :g(w)-i-g | Qe
y =0 33Me: g(z/2) = g(x )/mﬁw‘@ﬁw@ g(z)/2 aawwmwﬁ
g(z +y) = g(z) + g(y) a6 @rma oAea I ANFA9 TSGR, (EFET FAANFACAR AL
RN f(r) =cx +d)

4 Double Counting Techniques

FHCTOECT SN T TS5 ARG Bl | T FAFACS &R PR LT G (F#iat
TR, ACF SNl I "Symmetry Exploitation" a1 "Swapping Variables" |
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4,1 Switching and Symmetry

The Swapping Trick

W QN G QT A @R 22 GIR ¢ OF TN SWeTWe (Swap) FIC ANPAC
G 2 TS AT, O 997 A8 FAN ZCS !

Toy Example: f(z +y) + f(z —y) = g(y) + = TN TR 2,y & y, z 7 dfoF= I
Ply,z) = f(y+x)+f(y—z) = g(z)+y IV AL *WTB (f(2+y)) 92 CFCa2 T 1 (0
FIADG Even 28 (@R f(2) = f(—x)), @ I faory »mfbe T F0a1 12 ANSACR
N 2feRreffE [N AR, @R SR 711w AR g(y)+2 = g(a)+y = g(z)—z = g(y)—y!
QARG @32 y TR 567F, G0 O AT U 2 8 y OF T TN, ©f G2 @6
A 0O ! g(x) —x=c = g(z) =z 4+

aft FIE S I A @56 e /T (@3 T ANEE) g6 fon e @€
tofr srfz @32 oima N Wit sz ot o *ifee Fad @t TR wba
SR TR foae SNE Taoe @S Fgw ANFS G 7 |

4.2 Three Variables Method (Cyclic Substitutions)

T S G5 5 T e 7@ A, O Wi G5 Fraw gOR b - wiwwil e |
@, f(x+y) = f(z) + fly) a0 FACS BIe 1 QN G TG f (2 + y + 2) (© ez
fla+(y+2)) o9 T9c1 N G0 “F6H #I1cq, SR f((x+y) + 2) OB T WESO 26
AT | ARG TR TI7 7 7, QN @2 92 AOHCE TN 4@ Tgd TAFFe (2T AT |
@3 (FE AIGFTS TST ¥ IMO Shortlist @3 FIAT 72l T |

5 Functional Equation Toolbox (RREf«5)

ST FALICTR A G AR ANCE A | GBIR T | (12 YZTS (SN TaFd @6 [ory |
7069 Feeten (SN @30 23766 G IS | TP AL @ieat fqeea snibrfere b ardm
QT IS G AR
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o TR y G (AN f(...) = g(z) +y): —> TG Surjective | Injectivity
AR (5B T |

o f(f(...) ®®: = Involution (f(f(z)) = x) 97 AR 1 z = 0 I T

o QAT ST (AN f(xy) A f(x)f(y)): = Logarithm A Power function
28 AGIEH! | xzyzl?ﬁ@@@ﬂl

o f(x?) [ f(z® +...) @& = Even function A f(z) = £ BIZA TNLTTA
3frs | x — —x I Even/0dd (5F Il |

o WAFACT & @2 y symmetricc — Swapping Trick | z,y QWeqwe] I 7fs
ANl e e

e Setting Variables to Zero: 060 LR &= 1 P(0,0), P(z,0), P(0,y) &bF I

e Equalizing Expressions: z €32 y @ G N« AT (A TR (SO SANSTAH ST
N 2 AT (AN 2 = y A |

e Creating Cancellation: JIFHCIT I G2 *W (O IR ©f FCB TG |

e Fixed Points: I3« I(B T ¢ (AW TG & f(c) = ¢ 1 @b TVwfEieb oNTedw 49 =T
JC& A |

o Involutions: &9 T @ f(f(z)) = 1 G &N FACS ~ACa QN K Afiesy <=ice
AR FIHAFD Bijective!

o Iterating: 2-9F SRR f(z) IO ANFANCE @ L7 A e e |

e Shifting: f(z) 99 M f(x) + ¢ A f(z) — x @9 TS T T ALGRITS T ACS
SAFAAG T2& el +e T |

e Guess-and-Prove Strategy: ST bo% ANPACT T&F T &FIF (), &2 (ca),
S] ILE FICA GHCAE (e + d, ca®) | ANE TSR guess IR, SR SEBIAR R0B
e sl

Mini Challenge

A IR @ IM f(f(2)) = 2 W QR f(z) NS00 R — R 9 CHET 1 A, ©&
FIA0 W2 Injective €32 Surjective | (46 fter e sifdfsweits asid s 31
I F: BVEBSOT GV f(a) = f(b) 407 TSA2N f LT FCAN)
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51 WIBE (o ¥ FAQ? (The Unstuck Protocol)
vo TG (58 IRT, [Fg @F 20k 1 @3 F? FF divtetE v 8 IEM

When You Hit a Wall

qot Y — e o F@n 9N F g e @ @ s T GEwe AN 9wa
S[&IC® Domain-«F II2CE T ML A Injectivity M &N FCI2 AT S 1 &folG 4191
R (6F I

g7 3 — St e (e ot sca: ofw ¢ &iet ©wat 17 W f(2) = = Fwe =T,
SR G A8 f(z) = 2 @I @A ANPA (@A @A GIRE FAE Contradiction
9IT | @2 Contradiction-2 (SMIE #FS! Substitution-ad AFe (AGJ |

g 0 — Py iite: © @32 y swap I g6 Twae “Arnfa qear ) Keas s
S MR GeefiHe 6Ly (q9 23 |

g 8 — & @@L 9N AW £ R — R @ & F9ce FA0o AGCE A8, GIFp G3
FE AU [ Q —» Q OF T @RIF 1 FTKH Domain-« TNLTHT 477 JAE 2T
Real @ &9 T4 7S 27 |

The 80/20 Rule of FE

ARG bo% TR FNFAc T6F =Y fonod I @Ff6: f(z) = cx, f(z) =
cx+d, Q@ f(z) = ¢ QW IM @3 foafb bF 0 ABeP A8, O FPHI F8T© IR
“Surjectivity i Injectivity @¥Io FCHA AT 1" GBI (AT & FCAT |

6 LIRS g1 (Common Mistakes)

TAVA (G TR TAFA (¥IF o g T Hiew =11 (S Y72 LR T | <fel-
FoRITER Aol W3 GERTE &+ A f&edl (medl 27 |

6.1 Pointwise Trap (Rfefes ww)
The Ultimate Trap: Pointwise vs Global

g oy fafes 29 v 96! s~ ool

(f(z) —2)(f(z) +2) =0

@ e 2eed, effeft Mg o+ @5 &, =1 f(z) = + T f(z) = —2 ' Common Trap:
SRR GFHR AT Med o1 (et "o W FIED B f(2) = 2 A 2 97 G, WLl
f(z) = —z 79 ¢ @ & 1" «@fb TRy gl
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Counterexample (The Jumping Monster): €Tl G0 T INFOIF BT F1 20l

fa) = {x Wz eQ
—z Iz ¢Q
B FIRHFGTAR & (f () —z)(f () +) = 0 FE7L Teg B I wy=@ @B oI A==
we, Bfil ¥ e FANgweE @ @ T
How to survive: €3 TW (ACF G SAR 2N TA-9I1e] (Cross-value) FAGMGH* (o
A1 (SN el FA0® 2T @ T I @3 e ¢ 27 9a2 o @3 fgre —z 27,
NeRGl FAFAC O @B (Contradiction) ¢S I 1

6.2 Fake Injectivity (1 2Ac&isfen)

f(@?) = f(y?) = 22 =9 = x:ylu‘lﬁ?@f! xQZyZWx:iylwiﬂCQ%\‘OB
AT A AN CFAG A TGS TG (A ST 20 0 =it (=N | ez 1 R
T, O@ + (3 FifeeT FAF (S Al RIS (A |

6.3 Assuming Linearity without Continuity

wieele e, FH TANNFAA (AR f(z) = co TR AR A IM (OINET R 2 IR FIOFTSB-
JTCAGIFEG a1 (el A4t 1| AW &=5t@ Continuous FAM TEL A AT, ©CI (ST HoF
O T @ LG AN AFCS A, SLA (SICE O (FICASI (@ A (A
f(x) > 0 2= FcH) I T 5y Fa0e 207 |

Forgetting Verification (CORRFI= we=1 Ae)

IS TP AT (I (I AR Al FIHAGCP Fo1 FHpeice] IR (5 e
MATS TE @ ANF = TR =Y 6411 N 230l @ g 4t Fieeaitg siaa e
AR, 8 W T GTF 9B AL SHACS 2T I WMCS ol FAFAAE Po1a2 F¢d Al
(Extraneous Root) | @2 (¥ 4i9if6 M FITe AHAPRITE 3-3 TF FI6! I

7 Worked Examples: S0 F<ita wia

a3 Y TN GF0 A AIEN Qo Qo AN T4 1 FF @A S0 NG (AR
ABFES A feAselfd o™ @ $2 99 1 WINA Evan Chen-93 "First 5 minutes" e
FE PEQN

Olympiad Example: Kyrgyzstan 2012

R — R T [0 It A 79 AV 2, y 9T G P I

F(f @)+ f(y) = 2f(2) +y
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Initial Thoughts (2% ¢ fif¥B): AMF=eT Mte Fghr Sfssa FRA (@ f(z) @3
CHITE ST | SR T 6 o Face 2?2 IW f(2) = ¢ W, OW@ ¢ = 2c + y, T WEI 1 IM
flz) = 2 =, 9@ f(22 +y) = 22 + y, T IANACHR A B I JoqR f(z) = 2 936
T 1 A f(2) = —x W, @ f(2? —y) = —a + y| K CFF 2N —z2 + ¢ 1 A
f(z) = —z 8 G0 TN SR AR BICelB 20N TR0 @ L, ©F 2ol T4 |

What Should We Try? TRt 5 I071 ©ite Yooiid! At oisins Tceisfet @R Aks-
fafefba feeier 3 Mo 1 & (3 @ 3 2T O, TR y (© (RS (Linear) |

Useful Observations (Surjectivity): fix = = 01 O/ FAFAAB eR: f(f(0)2+ f(y)) =
y | T I, OFATY y qNq G AT A QI A AR ZCS AT | A7 A =ee
G0 TIHTET AE6[5 | SN, et A& (Surjective)!

Useful Observations (Injectivity): (tRg T AEE, @ A @Fifes W @tz T4 &
TR ATH2[F 0 2 1 4fF GTFN GIFB W A 0, G f(a) = 01 o AN 2 = a PAL:
Pla,y) = f(f(a)*+ f(y)) = af(a) +y @@L f(a) = 0, FNFMB Alew: (0 + f(y)) =
y = f(f(y)) =y 9 930 eengEd @@ ep! f 930 BFcelfeie#q (Involution)! €¥ T
2 TG e 2ot e adk «ft SR EawEe (Bijective) |

Execution (The Main Proof): (T2g f(f(y)) = y, SRl &1 T y 97 SR f(y))
ICS A1 (Substitution Engineering) | Pz, f(y)) = f(f(x)?>+f(f(v))) = zf(z)+ f(y)
= [(f(@)?+y)=af(@)+ fy) CRATIAR)

Q4 SRR SR S f(f(y) = y e o BesiEiet i SR 1 b ANwRed-2 @
y=—f(x)> B8 f(0) = xf(x) + f(—f(x)2) 1 ANFAA-R QIR &7 FAFRCE *APIT={if* Fr2cet
fog afome! “ffell QTS I3, S@ A & 936 e 7t =25 |

Rl 2o @i f(a) = 01 999 f(f(y)) = y TP y = o I ATE AR:
f(f@) = a = f(0) = a1 999 YA ANFA 2 = 0,y = a PN P(0,a) —
FF022+f(@) =0-f0)+a = f(a>4+0)=a = f(a®) = o 8 W @
£(0) = a @32 TG Bqcaige! JoqR f(a?) = f(0) = a®> =0 = a = 01 ORI
SR e 0 @S £(0) = 01

QL ANTFA-2 & y = 0 PR f(f(w)? +0) = af(z) + f(0) = f(f(2)?) = zf(x)
(TNFF-0)

R, " S f(f(z) = o) SNE AW AN 2 GF GRAR () PR, SE@
AT (TOLIR CFI B 20 A f(f(2))? = 221 P(f(2),y) = [(f(f(2)*+[(y) =
f@f(f@)+y = fl@®+ f(y) = zf(z) +y1 (TT99-8)

T AN @R FANFAA-8 97 CFoA FI- GF! (2 f () + ) | TOAR QTR IS T
TR f(f(@)2+ f(y) = f(@?+ fy) (Y f BT, S FIHG 7254 (AcF I es
A f(@) + fy) =2+ fly) = f@)?=2> = f(o) =2 9RA f(z) =~

Escaping the Pointwise Trap: SIN&l (@R f(z) = £ 1 a6 &fslt [WE 1-93 Ty 7oy
A FACS I @Gfb (oI Ty (R ®YE f() = o WA 8GR f(2) = —x) | 4F @ 75 =¥
(non-zero) ABI M ¢ @R b AR, @A f(a) = a GR f(b) = —b| AT &I FAIFACA
P(a,b) 2 f(f(a)*+f(b)) = af(a)+b = f(a®—b) = a>+ b1 Q¥ SN G @CHICA
BH{IBF T TG IR e ST R Al =631 WNA f(a® — b) @ A 6B I @A
S f@®=b)=a®>-bORE a®> —b=a?+b = 20=0 = b= 0TS AT A b




<JiiC
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94 1 (Contradiction!)

@A f(a?—b) = —(a*—b) = —a?>+bOREA —a’+b = a’+b = 24> =0 = a =01
8 SRl CARAN ¢ ST 1 (Contradiction!) T®«I, @3 & i (mixed) FIHE AFTS
AT =11

Verification: 5. f(z) = z T, IANNF: f(a? +y) =2’ +y \ OOTF: z- -2 +y=2>+y
() 2. f(z) = —2 T, AT —((—x)? —y) = 2>+ y 1 ©FAFF: z(—z)+y=—2?+y!
(°T%9)

Lessons Learned: ©Ritx qfb forsrel epifqr<et it e Acsizfe’ aaz acaizfeba
VES (A1 | Involution (R FACS AT ST SEF (*I¥ 20 IR | AT FACHI, Pointwise trap
BleTs T1-9IF TROHHE Fob! FoeIE Fe FCF ©f Sal (7L |

8 Il &Y (Exercises)

O3 AT G107 A O Nfafes PeremE e Tre Fa 1 (68 Fa7 2fsl Fwom
GFIB AL FICS | TS wo N6 OB 9 T 21taa Wt A
8.1 Level A; Giff e
L f: Qo Q=@ f(x+y) = f(2)+ f(y) + 2y
2. f:]R%Rﬁ"‘f?I@_@T: flo)fly) = fla +y) +ay
3. &N I @, f(22+ f(y)) = y+ 22 T F1a @ 999 T [ : R — R 159
8 AT |
8.2 Level B: TGS
1. f: R — R [ 3 flaf(x)+ f(y) = f(x)* +y
2. (Cauchy's Multiplicative Variant) f: R — R efa @ (FFETSIR) @A f (xy) =
f(x)f(y) (Hint: soifaws G929 363 G iz 0 e (681 1) |

8.3 Level C: BiitaAfeR (TST/IMO Shortlist Level)
1. (IMO 2012, Problem 4) & f : Z — Z [ S @ A ocF74017 &ey:
F(a)® + () + f(e)® = 2f(a) f(b) + 2 (D) f(c) + 2f (c) f(a)
S g +b+c=0!

2. (USAMO 2002) 959 3@ f : R — R < St @ Hepa =S Wi

f@® =) =af(x) —yfy)
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9 Appendix A: Quick Reference Templates

Standard Base Equations

5 AP G2 OIWR AR (non-pathological) TN Y4B AP AT WY
IO U<

L fz+y) =fl@)+fly) = fla)=cz

2. flzy) = f@)f(y) = f(z)=2° AW f(z) =0

3. flaty)=f0)fly) = fl2)=¢

4. flzy) = f(z) + f(y) = f(z) = cloga (A z > 0)

Cheat Sheet for Substitutions

o TR A 5o1% [ F41: P(0,0)
o TG DEHCE W FCA S T 2l AR Pz, 0)

o Be[R(F S 4l (Even/0dd 6F): P(z, —x)

o FFACIA FAMTE I [l ANoe FAK & y G5 I ¢y = f(2) IV = f(y)
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